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7a. Gradients



• Multiclass classification problem (discrete classes, >2 possible values)
• Convolutional network

Music genre classification



Loss function

• Training dataset of I pairs of input/output examples:

• Loss function or cost function measures how bad model is:

   or for short:

<latexit sha1_base64="aYKJls3gxo4H7A6/dQhUn1+H0GU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQlJJIUTdC0Y3uKtgHNDFMppN26OTBzEQsIR/hxl9x40IRty7c+TdO0gjaemCGc8+9l3vvcSNGhTSML600N7+wuFRerqysrq1v6JtbbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxRxdZvnNHuKBhcCPHEbF9NAioRzGSSnL0AyuxfCSHrpfcp05C08OfcJyHVvafmeltcpU6etWoGTngLDELUgUFmo7+afVDHPskkJghIXqmEUk7QVxSzEhasWJBIoRHaEB6igbIJ8JO8qNSuKeUPvRCrl4gYa7+7kiQL8TYd1VltrGYzmXif7leLL1TO6FBFEsS4MkgL2ZQhjBzCPYpJ1iysSIIc6p2hXiIOMJS+VhRJpjTJ8+S9lHNPK7Vr+vVxnlhRxnsgF2wD0xwAhrgEjRBC2DwAJ7AC3jVHrVn7U17n5SWtKJnG/yB9vEN+gCgCA==</latexit>

{xi,yi}Ii=1

<latexit sha1_base64="dfENBjZWeBDHyQgIldnakspAK9o=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAiuSiJFXRbduHBRwT4gCWUymTRDJ5kwcyOU0pUbf8WNC0Xc+g3u/BsnbRbaemCYwzn3cu89QcaZAtv+NpaWV1bX1isb1c2t7Z1dc2+/o0QuCW0TwYXsBVhRzlLaBgac9jJJcRJw2g2G14XffaBSMZHewyijfoIHKYsYwaClvnl063EagesFgodqlOjPy2LmSTaIwe+bNbtuT2EtEqckNVSi1Te/vFCQPKEpEI6Vch07A3+MJTDC6aTq5YpmmAzxgLqapjihyh9Pz5hYJ1oJrUhI/VKwpurvjjFOVLGirkwwxGreK8T/PDeH6NIfszTLgaZkNijKuQXCKjKxQiYpAT7SBBPJ9K4WibHEBHRyVR2CM3/yIumc1Z3zeuOuUWtelXFU0CE6RqfIQReoiW5QC7URQY/oGb2iN+PJeDHejY9Z6ZJR9hygPzA+fwAZyJmL</latexit>

L [�] Returns a scalar that is smaller 
when model maps inputs to 
outputs better

<latexit sha1_base64="vQjZHpuyRPHfcav/lLvqCKGaH6I="></latexit>

L[�, f
⇥
xi,�], {xi,yi}Ii=1

⇤



Example

<latexit sha1_base64="k/qwGEiv4MxbNO+/hsHXDcOCr9g="></latexit>

h1 = a[�0 +⌦0x]

h2 = a[�1 +⌦1h1]

h3 = a[�2 +⌦2h2]

f[x,�] = �3 +⌦3h3



<latexit sha1_base64="lgMrqedG/dFQKzS8m4ZszuxYJuE="></latexit>

� = {�0,⌦0,�1,⌦1,�2,⌦2,�3,⌦3}

Problem 1:  Computing gradients

<latexit sha1_base64="JE7fQ4+WZVESdJEBwEOhglbuk/Q="></latexit>

�t+1  � �t � ↵
X

i2Bt

@`i[�t]

@�

<latexit sha1_base64="CgqealUvUgONHeXUaVLIFyDX/KE="></latexit>

L[�] =
IX

i=1

`i =
IX

i=1

l[f[xi,�], yi]

<latexit sha1_base64="Z8pXI1y37lXEeGWnMsH2tezVrhY="></latexit>

@`i
@�k

and
@`i
@⌦k

Loss: sum of individual terms:

SGD Algorithm:

Parameters:

Need to compute gradients



Why is this such a big deal?

• A neural network is just an equation:

• But it’s a huge equation, and we need to compute derivative
• for every parameter
• for every point in the batch
• for every iteration of SGD

<latexit sha1_base64="yFXKWFAp5/LfGhFiO4YiKSGGOJI="></latexit>

y0 = �00 + �01a [ 10 +  11a[✓10 + ✓11x] +  12a[✓20 + ✓21x] +  13a[✓30 + ✓31x]]

+ �02a[ 20 +  21a[✓10 + ✓11x] +  22a[✓20 + ✓21x] +  23a[✓30 + ✓31x]]

+ �03a[ 30 +  31a[✓10 + ✓11x] +  32a[✓20 + ✓21x] +  33a[✓30 + ✓31x]]



Problem 2: initialization

Where should we start the parameters before we commence SGD?



Gradients

• Backpropagation intuition
• Toy model
• Background mathematics
• Backpropagation forward pass
• Backpropagation backward pass
• Algorithmic differentiation
• Code



<latexit sha1_base64="lgMrqedG/dFQKzS8m4ZszuxYJuE="></latexit>

� = {�0,⌦0,�1,⌦1,�2,⌦2,�3,⌦3}

Problem 1:  Computing gradients

<latexit sha1_base64="JE7fQ4+WZVESdJEBwEOhglbuk/Q="></latexit>

�t+1  � �t � ↵
X

i2Bt

@`i[�t]

@�

<latexit sha1_base64="CgqealUvUgONHeXUaVLIFyDX/KE="></latexit>

L[�] =
IX

i=1

`i =
IX

i=1

l[f[xi,�], yi]

<latexit sha1_base64="Z8pXI1y37lXEeGWnMsH2tezVrhY="></latexit>

@`i
@�k

and
@`i
@⌦k

Loss: sum of individual terms:

SGD Algorithm:

Parameters:

Need to compute gradients



Algorithm to compute gradient efficiently

• “Backpropagation algorithm”
• Rumelhart, Hinton, and Williams (1986)



BackProp intuition #1:  the forward pass

• Orange weight multiplies activation (ReLU output) in previous layer  
• We want to know how change in orange weight affects loss
• If we double activation in previous layer, weight will have twice the effect
• Conclusion: we need to know the activations at each layer.



BackProp intuition #2: the backward pass

To calculate how a small change in a weight or bias feeding into 
hidden layer h3 modifies the loss, we need to know:

•how a change in layer h3 changes the model output f
•how a change in model output changes the loss l



BackProp intuition #2: the backward pass

To calculate how a small change in a weight or bias feeding into 
hidden layer h2 modifies the loss, we need to know:

•how a change in layer h2 affects h3
•how h3 changes the model output
•how this output changes the loss



BackProp intuition #2: the backward pass

To calculate how a small change in a weight or bias feeding into 
hidden layer h1 modifies the loss, we need to know:

•how a change in layer h1 affects layer h2
•how a change in layer h2 affects layer h3
•how layer h3 changes the model output
•how the model output changes the loss



Gradients

• Backpropagation intuition
• Toy model
• Background mathematics
• Backpropagation forward pass
• Backpropagation backward pass
• Algorithmic differentiation
• Code



Toy function
<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,

• Consists of a series of functions that are composed with each other. 
• Unlike in neural networks just uses scalars (not vectors)
• “Activation functions” sin, exp, cos



Toy function
<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

Derivatives

<latexit sha1_base64="bFyRuzNoApgpgAqD9/WVAIQPlFY="></latexit>

@ log[z]

@z
=

1

z

@ cos[z]

@z
= � sin[z]

@ exp[z]

@z
= exp[z]

@ sin[z]

@z
= � cos[z]

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,



Gradients of toy function

We want to calculate:
How does a small 
change in	"!	change 
the loss li for the i’th 
example?

<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

<latexit sha1_base64="xKo8apd0WvpzoMJQmihazt3aosY="></latexit>

@`i
@�0

,
@`i
@!0

,
@`i
@�1

,
@`i
@!1

,
@`i
@�2

,
@`i
@!2

,
@`i
@�3

, and
@`i
@!3

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,



Gradients of composed functions

Calculating expressions by hand:
• some expressions very complicated. 
• obvious redundancy (look at sin terms in bottom equation)

<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

<latexit sha1_base64="PqYlMuABgEqXzgBJiqCoD6VmJOQ="></latexit>

@`i
@!0

= �2
⇣
�3 + !3 · cos

h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · xi]

⇤i
� yi

⌘

·!1!2!3 · xi · cos[�0 + !0 · xi] · exp
h
�1 + !1 · sin[�0 + !0 · xi]

i

· sin

�2 + !2 · exp

h
�1 + !1 · sin[�0 + !0 · xi]

i�

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,



Forward pass

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,



Forward pass

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.



Forward pass

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.



Backward pass

1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,

<latexit sha1_base64="rq4C8K+oC31Y0b9WL/bB5Has2CA="></latexit>

@`i
@f3

,
@`i
@h3

,
@`i
@f2

,
@`i
@h2

,
@`i
@f1

,
@`i
@h1

, and
@`i
@f0



Backward pass

1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="eI0ucO1ql0+pC0zkxpLAG8K0KQA="></latexit>

f[x,�] = �3 + !3 · cos
h
�2 + !2 · exp

⇥
�1 + !1 · sin[�0 + !0 · x]

⇤i
,

<latexit sha1_base64="7DHwUmaqWFI99WHRWEeMvtH9jIs="></latexit>

`i = (f[xi,�]� yi)
2,

<latexit sha1_base64="rq4C8K+oC31Y0b9WL/bB5Has2CA="></latexit>

@`i
@f3

,
@`i
@h3

,
@`i
@f2

,
@`i
@h2

,
@`i
@f1

,
@`i
@h1

, and
@`i
@f0



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="4RB5KDkzoRu21HTTppGhVUhQYZU="></latexit>

@`i
@f3

= 2(f3 � yi)

• The first of these 
derivatives is trivial



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

• The second of these 
derivatives is 
computed via the 
chain rule

<latexit sha1_base64="sudtOYgkBeUti2xjR/l8LmPz9oM="></latexit>

@`i
@h3

=
@f3
@h3

@`i
@f3

How does a small 
change in	ℎ!	change li?



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

• The second derivative 
is computed via the 
chain rule

<latexit sha1_base64="sudtOYgkBeUti2xjR/l8LmPz9oM="></latexit>

@`i
@h3

=
@f3
@h3

@`i
@f3

How does a small 
change in	$!	change li?

How does a small 
change in	ℎ!	change f3?

How does a small 
change in	ℎ!	change li?



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

• The second of these 
derivatives is 
computed via the 
chain rule

<latexit sha1_base64="sudtOYgkBeUti2xjR/l8LmPz9oM="></latexit>

@`i
@h3

=
@f3
@h3

@`i
@f3

Already computed!

w3
How does a small 
change in	ℎ!	change li?



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>
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=
@h3
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✓
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◆
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=
@h2
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@f3
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@f3

◆
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@h2

@h3
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@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>
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@f3

◆

@`i
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=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

Already computed!
-sin[f2]



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>

@`i
@f2

=
@h3

@f2

✓
@f3
@h3

@`i
@f3

◆

@`i
@h2

=
@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f1

=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>
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@f2

=
@h3

@f2

✓
@f3
@h3
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◆
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✓
@h3

@f2

@f3
@h3

@`i
@f3

◆
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✓
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@`i
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◆
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✓
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@h2

@h3
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@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆



Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

• The remaining 
derivatives also 
calculated by further 
use of chain rule



Backward pass
2. Find how the loss 
changes as a function of 
the parameters b and w.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.<latexit sha1_base64="8HDOzmvyHVVJjcXRYBy6FB0LVX0="></latexit>

@`i
@�k

=
@fk
@�k

@`i
@fk

@`i
@!k

=
@fk
@!k

@`i
@fk

• Another application of 
the chain rule

How does a small 
change in	$" 	change %#?

How does a small 
change in	wk change	$"?

How does a small 
change in	wk change %#?



Backward pass
2. Find how the loss 
changes as a function of 
the parameters b and w.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.<latexit sha1_base64="8HDOzmvyHVVJjcXRYBy6FB0LVX0="></latexit>

@`i
@�k

=
@fk
@�k

@`i
@fk

@`i
@!k

=
@fk
@!k

@`i
@fk

• Another application of 
the chain rule

Already calculated in 
part 1.

hk
How does a small 
change in	wk change %#?



Backward pass
2. Find how the loss 
changes as a function of 
the parameters b and w.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.<latexit sha1_base64="8HDOzmvyHVVJjcXRYBy6FB0LVX0="></latexit>

@`i
@�k

=
@fk
@�k

@`i
@fk

@`i
@!k

=
@fk
@!k

@`i
@fk

• Another application of 
the chain rule

• Similarly for b 
parameters

<latexit sha1_base64="8HDOzmvyHVVJjcXRYBy6FB0LVX0="></latexit>

@`i
@�k

=
@fk
@�k

@`i
@fk

@`i
@!k

=
@fk
@!k

@`i
@fk



Backward pass
2. Find how the loss 
changes as a function of 
the parameters b and w.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.

<latexit sha1_base64="RDWkxb58RSBChuXsNuSqm1sA3Is="></latexit>

f0 = �0 + !0 · xi

h1 = sin[f0]

f1 = �1 + !1 · h1

h2 = exp[f1]

f2 = �2 + !2 · h2

h3 = cos[f2]

f3 = �3 + !3 · h3

`i = (f3 � yi)
2.



Gradients

• Backpropagation intuition
• Toy model
• Background mathematics
• Backpropagation forward pass
• Backpropagation backward pass
• Algorithmic differentiation
• Code



Matrix calculus

<latexit sha1_base64="mfEFVtCS3NwDcfGp1x/Vcf8tZys="></latexit>

a =

2

664

a1
a2
a3
a4

3

775

<latexit sha1_base64="sBVI6wX86kODo9XRrTkpDSEFUDI="></latexit>

@f

@a
=

2

6666664

@f
@a1

@f
@a2

@f
@a3

@f
@a4

3

7777775

Scalar function f[] of a vector  a



Matrix calculus

<latexit sha1_base64="M1rHZ1aEGtiEuf+2w5KoKtvAJD4="></latexit>

A =

2

664

a11 a12 a13
a21 a22 a23
a31 a32 a33
a41 a42 a43

3

775

<latexit sha1_base64="IO/lnioei3wiEDVhi/74wEu77W8="></latexit>

@f

@A
=

2

66666664

@f
@a11

@f
@a12

@f
@a13

@f
@a21

@f
@a22

@f
@a23

@f
@a31

@f
@a32

@f
@a33

@f
@a41

@f
@a42

@f
@a43

3

77777775

Scalar function f[] of a matrix  A



Vector function f[] of vector a

Matrix calculus

<latexit sha1_base64="mfEFVtCS3NwDcfGp1x/Vcf8tZys="></latexit>

a =

2

664

a1
a2
a3
a4

3

775

<latexit sha1_base64="0X5PXmVPHjvZgxYItzfAjtfWv9c="></latexit>

f =

2

4
f1
f2
f3

3

5

<latexit sha1_base64="BFfEMn6FpZwTaPuSgXnrJTcRZno="></latexit>

@f

@a
=

2

6664

@f1
@a1

@f2
@a1

@f3
@a1

@f1
@a2

@f2
@a2

@f3
@a2

@f1
@a3

@f2
@a3

@f3
@a3

@f1
@a4

@f2
@a4

@f4
@a4

3

7775



Comparing vector and matrix

<latexit sha1_base64="01mL45S06AQER0RcdbdW3dUlIpw="></latexit>

f0 = �0 + !0x

h1 = sin[f0]

f1 = �1 + !1h1

h2 = exp[f1]

f2 = �2 + !2h2

h3 = cos[f2]

f3 = �3 + !3h3

h4 = log[f3]

y = �4 + !4h4

Scalar derivatives:
<latexit sha1_base64="UL2kuIrH0fwcv78EJSVz1qpcjbU="></latexit>

@f3
@h3

=
@

@h3
(�3 + !3h3) = !3



Comparing vector and matrix

<latexit sha1_base64="01mL45S06AQER0RcdbdW3dUlIpw="></latexit>

f0 = �0 + !0x

h1 = sin[f0]

f1 = �1 + !1h1

h2 = exp[f1]

f2 = �2 + !2h2

h3 = cos[f2]

f3 = �3 + !3h3

h4 = log[f3]

y = �4 + !4h4

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

Scalar derivatives:

Matrix derivatives:
<latexit sha1_base64="V3CYFDq4r+PwPuPiQT3UunDjVrg="></latexit>

@f3
@h3

=
@

@h3
(�3 +⌦3h3) = ⌦T

3

<latexit sha1_base64="UL2kuIrH0fwcv78EJSVz1qpcjbU="></latexit>

@f3
@h3

=
@

@h3
(�3 + !3h3) = !3



Comparing vector and matrix

<latexit sha1_base64="01mL45S06AQER0RcdbdW3dUlIpw="></latexit>

f0 = �0 + !0x

h1 = sin[f0]

f1 = �1 + !1h1

h2 = exp[f1]

f2 = �2 + !2h2

h3 = cos[f2]

f3 = �3 + !3h3

h4 = log[f3]

y = �4 + !4h4

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

Scalar derivatives:

Matrix derivatives:

<latexit sha1_base64="/x7p9Rpc72xxRw18nLLvEnH/fdg="></latexit>

@f3
@�3

=
@

@!3
�3 + !3h3 = 1

<latexit sha1_base64="1XwlPuZS2VTaACUSuS8Tb9Ldi8U="></latexit>

@f3
@�3

=
@

@�3
(�3 +⌦3h3) = I



Homework: (keeners only)

• Consider function:

• Can write as:

• Now calculate:

• Write final expression as a matrix 

<latexit sha1_base64="ojrEHeUwzVLbjS/Hlt/Zr+btvCw="></latexit>

f = Ba

<latexit sha1_base64="mfEFVtCS3NwDcfGp1x/Vcf8tZys="></latexit>

a =

2

664

a1
a2
a3
a4

3

775

<latexit sha1_base64="0X5PXmVPHjvZgxYItzfAjtfWv9c="></latexit>

f =

2

4
f1
f2
f3

3

5
<latexit sha1_base64="wxdZwFTA5ushkLWEH8xCeGXLJl8="></latexit>

fi =
X

j

Bijaj

<latexit sha1_base64="BX9bz0uMWCWj+VJkjwTkRxKXr4o="></latexit>

@f

@a
=

2

6664

@f1
@a1

@f2
@a1

@f3
@a1

@f1
@a2

@f2
@a2

@f3
@a2

@f1
@a3

@f2
@a3

@f3
@a3

@f1
@a4

@f2
@a4

@f3
@a4

3

7775



Gradients

• Backpropagation intuition
• Toy model
• Background mathematics
• Backpropagation forward pass
• Backpropagation backward pass
• Algorithmic differentiation
• Code



The forward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

1. Write this as a series of 
intermediate calculations



The forward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities



The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

<latexit sha1_base64="4CBrqWxMv9p5w4tTB6HKgiX37+Q="></latexit>

@`i
@f1

=
@h2

@f1

@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3



Gradients

• Backpropagation intuition
• Toy model
• Background mathematics
• Backpropagation forward pass
• Backpropagation backward pass
• Algorithmic differentiation
• Code



The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

<latexit sha1_base64="4CBrqWxMv9p5w4tTB6HKgiX37+Q="></latexit>

@`i
@f1

=
@h2

@f1

@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3



Yikes!

• But:

• Quite similar to:

<latexit sha1_base64="V3CYFDq4r+PwPuPiQT3UunDjVrg="></latexit>

@f3
@h3

=
@

@h3
(�3 +⌦3h3) = ⌦T

3

<latexit sha1_base64="yZBKTnT7qspEL36MxtIKQ+8n3t8="></latexit>

@f3
@h3

=
@

@h3
(�3 + !3h3) = !3



The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

<latexit sha1_base64="4CBrqWxMv9p5w4tTB6HKgiX37+Q="></latexit>

@`i
@f1

=
@h2

@f1

@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1
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The backward pass
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Derivative of ReLU
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Derivative of RELU
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1. Consider: where:

2. We could equivalently write: 3. Taking the derivative
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4. We can equivalently pointwise multiply by diagonal
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The backward pass
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The backward pass
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The backward pass
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Backprop summary



Pros and cons

• Extremely efficient
• Only need matrix multiplication and thresholding for ReLU functions

• Memory hungry – must store all the intermediate quantities
• Sequential
• can process multiple batches in parallel
• but things get harder if the whole model doesn’t fit on one machine.





Gradients

• Backpropagation intuition
• Toy model
• Background mathematics
• Backpropagation forward pass
• Backpropagation backward pass
• Algorithmic differentiation
• Code



Algorithmic differentiation

• Modern deep learning frameworks compute derivatives automatically
• You just have to specify the model and the loss
• How?  Algorithmic differentiation
• Each component knows how to compute its own derivative

• ReLU knows how to compute deriv of output w.r.t. input
• Linear function knows how to compute deriv of output w.r.t. input
• Linear function knows how to compute deriv of output w.r.t. parameter

• You specify how the order of the components
• It can compute the chain of derivatives

• Works with branches as long as it’s still an acyclic graph



Gradients

• Backpropagation intuition
• Toy model
• Background mathematics
• Backpropagation forward pass
• Backpropagation backward pass
• Algorithmic differentiation
• Code
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7b Initialization



Initialization

• Need for initialization
• He initialization
• Interlude: Expectations
• Show that 
• Write variance of pre-activations f’ in terms of activations h in previous layer

• Write variance of pre-activations f’ in terms of pre-activations f in previous layer 
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Initialization

• Consider standard building block of NN in terms of preactivations:

• How do we initialize the biases and weights?
• Equivalent to choosing starting point in Gabor/Linear regression 

models

<latexit sha1_base64="8s5v1dPi/IDnmI/FaXZVPyw4VcQ="></latexit>
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Initialization
• Consider standard building block of NN in terms of preactivations:

• Set all the biases to 0

• Weights normally distributed 
• mean 0 
• variance	"!"	

• What will happen as we move through the network if !!"	is very small?
• What will happen as we move through the network if !!"	is very large?
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Backprop summary



Initialization

• Need for initialization
• He initialization
• Interlude: Expectations
• Show that 
• Write ariance of pre-activations f’ in terms of activations h in previous layer

• Write variance of pre-activations f’ in terms of pre-activations f in previous layer 
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Exploding gradients

Vanishing gradients



He initialization (assumes ReLU)

• Forward pass:  want the variance of hidden unit activations in layer 
k+1 to be the same as variance of activations in layer k:

• Backward pass:  want the variance of gradients at layer k to be the 
same as variance of gradient in layer k+1:
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Exploding gradients

Vanishing gradients
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Initialization

• Need for initialization
• He initialization
• Interlude: Expectations
• Show that 
• Write variance of pre-activations f’ in terms of activations h in previous layer

• Write variance of pre-activations f’ in terms of pre-activations f in previous layer 
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Expectations
<latexit sha1_base64="z9FcnqQPchuVvH1ugbLNdn4d8IM="></latexit>
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Interpretation: what is the average value of g[x] when taking into account the probability of x? 

Could approximate, by sampling many values of x from the distribution, calculating g[x], and taking average:  
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Expectations



Rules for manipulating expectation
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Rule 1
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Rules for manipulating expectation
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Rule 2
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Rules for manipulating expectation
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Rule 3
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Rules for manipulating expectation
<latexit sha1_base64="dBQAfIQvKlRTxv6XiOXt3wW6qVo="></latexit>

E
h
k
i
= k

E
h
k · g[x]

i
= k · E

h
g[x]

i

E
h
f[x] + g[x]

i
= E

h
f[x]

i
+ E

h
g[x]

i

E
h
f[x]g[y]

i
= E

h
f[x]

i
E
h
g[y]

i
if x, y independent



Independence

Probability of x and y
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Now let’s prove:
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Initialization

• Need for initialization
• He initialization
• Interlude: Expectations
• Show that 
• Write variance of pre-activations f’ in terms of activations h in previous layer

• Write variance of pre-activations f’ in terms of pre-activations f in previous layer 
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Initialization
• Consider standard building block of NN in terms of preactivations:

• Set all the biases to 0

• Weights normally distributed 
• mean 0 
• variance	"!"	

• What will happen as we move through the network if !!"	is very small?
• What will happen as we move through the network if !!"	is very large?
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Initialization

• Need for initialization
• He initialization
• Interlude: Expectations
• Show that 
• Write variance of pre-activations f’ in terms of activations h in previous layer

• Write variance of pre-activations f’ in terms of pre-activations f in previous layer 
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Aim: keep variance same between two layers
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Exploding gradients

Vanishing gradients
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PyTorch code

• Define a neural network
• Initialize params with He initialization
• Define loss function
• Choose optimization algorithm
• Choose initial learning rate
• Choose learning rates schedule
• Make some random data
• Train for 100 batches
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