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Acting Under Uncertainty

Logical agents maintain a belief state and generate contingency plans that account for every
possibility. This breaks down for nontrivial problems due to:
▶ Exhaustivity of belief state, which must contain all possible states, even unlikely states.
▶ Exhaustivity of contingency plan, which must account for every possible, however unlikely,

action outcome.
▶ Unsatisfiabilty. There may be no guaranteed plan to achieve the goal. If we must act anyway,

how do we choose the best plan?
▶ Qualification problem. The closed-world assumption allows us to simplify logical environment

specifications for simple domains, but real-world domains contain far more detail which must be
accounted for.
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From Logic to Probability Theory
Consider:

Toothacke =⇒ Cavity

Not all patients with toothaches have cavities. How about:

Toothache =⇒ Cavity ∨ GumProblem ∨ Abscess . . .

We’d need large list after the dots. Try causal direction:

Cavity =⇒ Toothache

But not all cavities hurt. Logic fails to deal with complex domains like medical diagonosis due to:
▶ Exhaustivity (laziness). Too many antecedents or consequents to list.
▶ Theoretical ignorance. Rare to have complete logical theory of nontrivial domain.
▶ Practical ignorance. Even with a complete domain theory, hard to measure all the necessary

inputs (medical tests, etc.)
We need to deal with uncertain knowledge, with degrees of belief. For that, we use probability
theory.
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Probability Theory as Knowledge Representation

▶ Ontological commitments of logic and probability theory same:
▶ World composed of facts that do or do not hold in any particular case.

▶ Epistemological commitments differ:
▶ Logic assigns true, false, or no opinion to each sentence.
▶ Probability theory assignesnumerical degree of belief between 0 (for sentences that are certainly

false) and 1 (certainly true) to each sentence.
Probability theory solves the qualification problem by summarizing the uncertainty stemming from
our laziness and ignorance.
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What do probabilities mean?
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Probabilities are about our uncertain knowledge.

“80% chance (probability 0.8) patient with a toothache has a cavity.”
▶ Out of all the situations that are indistinguishable from the current situation as far as our

knowledge goes, the patient will have a cavity in 80% of them.
▶ Belief could come from statistical data, or domain theory, or combination of sources.

There is no uncertainty in the actual world. The patient either has a cavity or does
not. Probabilities refer to our knowledge of the world state, not the actual world state.

If our knowledge changes, e.g., we find out patient has history of gum disease, we make a different
statement.
“Given patient has a history of gum disease and a toothache, 40% chance patient has gum disease.”
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Rational Decisions

How do we choose between different plans that acheive the goal?
▶ Each plan has a likelihood of success, e.g.:

▶ Plan A has a 95% chance of achieving a goal state.
▶ Each plan may lead to goal states with different outcomes, each of which is a goal state.

▶ An outcome of an action is a completely specified state, which includes elements that are not part
of the goal.

Elements of outcomes can be more or less desirable – more or less useful – to a given agent.
▶ Utility is the quality of being useful.
▶ That “usefulness” may simply be pleasure, or even altruism.

Utility theory associates a utility value with each possible outcome, which induces a preference
ordering over outcomes.

An agent is rational if and only if it chooses the action that yields the highest expected
utility, averaged over all the possible outcomes of the action.
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Decision-Theoretic Agents
Decision theory = probability theory + utility theory

406 Chapter 12 Quantifying Uncertainty

function DT-AGENT(percept) returns an action
persistent: belief state, probabilistic beliefs about the current state of the world

action, the agent’s action

update belief state based on action and percept
calculate outcome probabilities for actions,

given action descriptions and current belief state
select action with highest expected utility

given probabilities of outcomes and utility information
return action

Figure 12.1 A decision-theoretic agent that selects rational actions.

briefly on optimal decisions in backgammon; it is in fact a completely general principle for
single-agent decision making.

Figure 12.1 sketches the structure of an agent that uses decision theory to select actions.
The agent is identical, at an abstract level, to the agents described in Chapters 4 and 7 that
maintain a belief state reflecting the history of percepts to date. The primary difference is
that the decision-theoretic agent’s belief state represents not just the possibilities for world
states but also their probabilities. Given the belief state and some knowledge of the effects of
actions, the agent can make probabilistic predictions of action outcomes and hence select the
action with the highest expected utility.

This chapter and the next concentrate on the task of representing and computing with
probabilistic information in general. Chapter 14 deals with methods for the specific tasks
of representing and updating the belief state over time and predicting outcomes. Chapter 18
looks at ways of combining probability theory with expressive formal languages such as first-
order logic and general-purpose programming languages. Chapter 15 covers utility theory in
more depth, and Chapter 16 develops algorithms for planning sequences of actions in stochas-
tic environments. Chapter 17 covers the extension of these ideas to multiagent environments.

12.2 Basic Probability Notation

For our agent to represent and use probabilistic information, we need a formal language.
The language of probability theory has traditionally been informal, written by human mathe-
maticians for other human mathematicians. Appendix A includes a standard introduction to
elementary probability theory; here, we take an approach more suited to the needs of AI and
connect it with the concepts of formal logic.

12.2.1 What probabilities are about

Like logical assertions, probabilistic assertions are about possible worlds. Whereas logical
assertions say which possible worlds are strictly ruled out (all those in which the assertion is
false), probabilistic assertions talk about how probable the various worlds are. In probability
theory, the set of all possible worlds is called the sample space. The possible worlds areSample space

mutually exclusive and exhaustive—two possible worlds cannot both be the case, and one

Each action, a, leads to a probability distribution over outcomes, or “result states”:

P (RESULT(a) = s′) =
∑
s∈S

P (s)P (s′ | s, a)

And each outcome state has a utility. A rational decision-theoretic agent chooses the action that
maximize expected utility, that is:

argmax
a

∑
s′∈S

P (RESULT(a) = s′)U(s′)
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Probability Models

In logic we have satisfiabilty: M(α) is the set of all possible worlds in which sentence α is true.
In probability theory the set of possible worlds is a sample space, Ω, which must be mutually
exclusive and exhaustive (one and only one possible world must be the case).

0 ≤ P (ω) ≤ 1 for every ω and
∑
ω∈Ω

P (ω) = 1

Each ω is a possible world. Probability textbooks typically call these outcomes. For example, each of
these pairs is a ω ∈ Ω for the roll of two dice:

(1, 1) (2, 1) (3, 1) (4, 1) (5, 1) (6, 1)
(1, 2) (2, 2) (3, 2) (4, 2) (5, 2) (6, 2)
(1, 3) (2, 3) (3, 3) (4, 3) (5, 3) (6, 3)
(1, 4) (2, 4) (3, 4) (4, 4) (5, 4) (6, 4)
(1, 5) (2, 5) (3, 5) (4, 5) (5, 5) (6, 5)
(1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)

In probability textbooks, an experiment leads to a sample space. Here, the set of possible worlds
comes from the task environment.
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Propositions and Events
An event, which we denote with ϕ here, is a set of possible worlds, some subset of Ω, or set of ω,
e.g., the event “doubles” contains the 6 boxed elements ω:

(1, 1) (2, 1) (3, 1) (4, 1) (5, 1) (6, 1)

(1, 2) (2, 2) (3, 2) (4, 2) (5, 2) (6, 2)

(1, 3) (2, 3) (3, 3) (4, 3) (5, 3) (6, 3)

(1, 4) (2, 4) (3, 4) (4, 4) (5, 4) (6, 4)

(1, 5) (2, 5) (3, 5) (4, 5) (5, 5) (6, 5)

(1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)

A proposition is an event expressed in a formal language; specifically, for each proposition, the
corresponding set contains just those possible worlds in which the proposition holds.
The probability associated with a proposition is defined to be the sum of the probabilities of the
worlds in which it holds:

For any proposition ϕ, P (ϕ) =
∑
ω∈ϕ

P (ω)

Example: P (Doubles) = P ((1, 1)) + · · · + P ((6, 6)) = 1
36 + · · · + 1

36 = 1
6
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Prior and Conditional Probabilities

An unconditional or prior probability is a degree of belief in a proposition with no other information.
A conditional or posterior probability is a degree of belief in a proposition given some relevant
information.
Definition of conditional probability:

P (a | b) = P (a ∧ b)
P (b)

From that definition we get the product rule:

P (a ∧ b) = P (a | b)P (b)

Note that P (a ∧ b) can also be written P (a, b) or P (ab).
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Conditional probability is not implication.

The assertion

P (cavity | toothache) = 0.6

does not mean “Whenever toothache is true, conclude that cavity is true with probability 0.6”
It means “Whenever toothache is true and we have no further information, conclude that cavity is
true with probability 0.6.”
If we had the further information that the dentist found no cavities, certainly not the case that cavity
is true with probability 0.6; instead we have

P (cavity | toothache ∧ ¬cavity) = 0
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Probability Assertions

A random variable, which begins with capital letter, is a function mapping from possible worlds Ω
to a set of possible values the variable can take.
▶ Die1 : {1, . . . , 6} → {1, . . . , 6}
▶ Doubles : {1, . . . , 6} × {1, . . . , 6} → {true, false}
▶ Weather : {sun, rain, cloud, snow} → {sun, rain, cloud, snow}

Individual values are written in lowercase and often abbreviated.
▶ P (sun) stands for P (Weather = sun).

A probability distribution is an assignment of probabilities to all values of a rendom variable, e.g.:

P (Weather = sun) = 0.6
P (Weather = rain) = 0.1

P (Weather = cloud) = 0.29
P (Weather = snow) = 0.01

Which can also be written P (Weather) = ⟨0.6, 0.1, 0.29.0.01⟩.
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Joint Probability Distributions
P (Weather, Cavity) denotes the probabilities of all combinations of Weather and Cavity. This
notation is a compact representation of a joint probability distribution. The notation

P (Weather, Cavity) = P (Weather | Cavity)P (Cavity)

stands for the 4 × 2 = 8 equations:

P (W = sun ∧ C = true) = P (W = sun | C = true)P (C = true)
P (W = rain ∧ C = true) = P (W = rain | C = true)P (C = true)

P (W = cloud ∧ C = true) = P (W = cloud | C = true)P (C = true)
P (W = snow ∧ C = true) = P (W = snow | C = true)P (C = true)
P (W = sun ∧ C = false) = P (W = sun | C = false)P (C = false)

P (W = rain ∧ C = false) = P (W = rain | C = false)P (C = false)
P (W = cloud ∧ C = false) = P (W = cloud | C = false)P (C = false)
P (W = snow ∧ C = false) = P (W = snow | C = false)P (C = false)
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Probability Axioms

All of probability theory can be built from Kolmogorov’s axioms.
Law of normalization:

0 ≤ P (ω) ≤ 1 for every ω and
∑
ω∈Ω

P (ω) = 1

Probability of a disjunction, inclusion-exlusion principle:

P (a ∨ b) = P (a) + P (b) − P (a ∧ b)
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Why is probability theory a valid basis for rational behavior?

De Finetti’s Theorem:

If Agent 1 expresses a set of degrees of belief that violate the axioms of probability
theory then there is a combination of bets by Agent 2 that guarantees that Agent 1
will lose money every time.

Example:
412 Chapter 12 Quantifying Uncertainty

Proposition Agent 1’s Agent 2 Agent 1 Agent 1 payoffs for each outcome
belief bets bets a,b a,¬b ¬a,b ¬a,¬b

a 0.4 $4 on a $6 on ¬a –$6 –$6 $4 $4
b 0.3 $3 on b $7 on ¬b –$7 $3 –$7 $3

a_b 0.8 $2 on ¬(a_b) $8 on a_b $2 $2 $2 –$8

–$11 –$1 –$1 –$1

Figure 12.2 Because Agent 1 has inconsistent beliefs, Agent 2 is able to devise a set of
three bets that guarantees a loss for Agent 1, no matter what the outcome of a and b.

This kind of question has been the subject of decades of intense debate between those who
advocate the use of probabilities as the only legitimate form for degrees of belief and those
who advocate alternative approaches.

One argument for the axioms of probability, first stated in 1931 by Bruno de Finetti (see
de Finetti, 1993, for an English translation), is as follows: If an agent has some degree of
belief in a proposition a, then the agent should be able to state odds at which it is indifferent
to a bet for or against a.5 Think of it as a game between two agents: Agent 1 states, “my
degree of belief in event a is 0.4.” Agent 2 is then free to choose whether to wager for or
against a at stakes that are consistent with the stated degree of belief. That is, Agent 2 could
choose to accept Agent 1’s bet that a will occur, offering $6 against Agent 1’s $4. Or Agent
2 could accept Agent 1’s bet that ¬a will occur, offering $4 against Agent 1’s $6. Then we
observe the outcome of a, and whoever is right collects the money. If one’s degrees of belief
do not accurately reflect the world, then one would expect to lose money over the long run to
an opposing agent whose beliefs more accurately reflect the state of the world.

De Finetti’s theorem is not concerned with choosing the right values for individual prob-
abilities, but with choosing values for the probabilities of logically related propositions: IfI
Agent 1 expresses a set of degrees of belief that violate the axioms of probability theory then
there is a combination of bets by Agent 2 that guarantees that Agent 1 will lose money every
time. For example, suppose that Agent 1 has the set of degrees of belief from Equation (12.6).
Figure 12.2 shows that if Agent 2 chooses to bet $4 on a, $3 on b, and $2 on ¬(a_ b), then
Agent 1 always loses money, regardless of the outcomes for a and b. De Finetti’s theorem
implies that no rational agent can have beliefs that violate the axioms of probability.

One common objection to de Finetti’s theorem is that this betting game is rather contrived.
For example, what if one refuses to bet? Does that end the argument? The answer is that the
betting game is an abstract model for the decision-making situation in which every agent is
unavoidably involved at every moment. Every action (including inaction) is a kind of bet,
and every outcome can be seen as a payoff of the bet. Refusing to bet is like refusing to allow
time to pass.

Other strong philosophical arguments have been put forward for the use of probabilities,
most notably those of Cox (1946), Carnap (1950), and Jaynes (2003). They each construct a

5 One might argue that the agent’s preferences for different bank balances are such that the possibility of losing
$1 is not counterbalanced by an equal possibility of winning $1. One possible response is to make the bet amounts
small enough to avoid this problem. Savage’s analysis (1954) circumvents the issue altogether.
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Inference Using Full Joint Distributions

Knowledge base is full joint distribution of boolean random variables Toothache, Cavity, Catch.

Section 12.3 Inference Using Full Joint Distributions 413

set of axioms for reasoning with degrees of beliefs: no contradictions, correspondence with
ordinary logic (for example, if belief in A goes up, then belief in ¬A must go down), and so
on. The only controversial axiom is that degrees of belief must be numbers, or at least act
like numbers in that they must be transitive (if belief in A is greater than belief in B, which is
greater than belief in C, then belief in A must be greater than C) and comparable (the belief
in A must be one of equal to, greater than, or less than belief in B). It can then be proved that
probability is the only approach that satisfies these axioms.

The world being the way it is, however, practical demonstrations sometimes speak louder
than proofs. The success of reasoning systems based on probability theory has been much
more effective than philosophical arguments in making converts. We now look at how the
axioms can be deployed to make inferences.

12.3 Inference Using Full Joint Distributions

In this section we describe a simple method for probabilistic inference—that is, the compu- Probabilistic
inference

tation of posterior probabilities for query propositions given observed evidence. We use the Query

full joint distribution as the “knowledge base” from which answers to all questions may be de-
rived. Along the way we also introduce several useful techniques for manipulating equations
involving probabilities.

We begin with a simple example: a domain consisting of just the three Boolean variables
Toothache, Cavity, and Catch (the dentist’s nasty steel probe catches in my tooth). The full
joint distribution is a 2⇥2⇥2 table as shown in Figure 12.3.

toothache ¬toothache

catch ¬catch catch ¬catch

cavity 0.108 0.012 0.072 0.008
¬cavity 0.016 0.064 0.144 0.576

Figure 12.3 A full joint distribution for the Toothache, Cavity, Catch world.

Notice that the probabilities in the joint distribution sum to 1, as required by the axioms of
probability. Notice also that Equation (12.2) gives us a direct way to calculate the probability
of any proposition, simple or complex: simply identify those possible worlds in which the
proposition is true and add up their probabilities. For example, there are six possible worlds
in which cavity_ toothache holds:

P(cavity_ toothache) = 0.108+0.012+0.072+0.008+0.016+0.064 = 0.28 .

One particularly common task is to extract the distribution over some subset of variables or
a single variable. For example, adding the entries in the first row gives the unconditional or
marginal probability6 of cavity: Marginal probability

P(cavity) = 0.108+0.012+0.072+0.008 = 0.2 .

6 So called because of a common practice among actuaries of writing the sums of observed frequencies in the
margins of insurance tables.

▶ All probabilities above sum to 1.
▶ P (cavity ∨ toothache) = 0.108 + 0.012 + 0.072 + 0.008 + 0.016 + 0.064 = 0.28.

Unconditional or marginal probability of cavity:

P (cavity) = 0.108 + 0.012 + 0.072 + 0.008 = 0.2
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Marginalization and Conditioning

Section 12.3 Inference Using Full Joint Distributions 413

set of axioms for reasoning with degrees of beliefs: no contradictions, correspondence with
ordinary logic (for example, if belief in A goes up, then belief in ¬A must go down), and so
on. The only controversial axiom is that degrees of belief must be numbers, or at least act
like numbers in that they must be transitive (if belief in A is greater than belief in B, which is
greater than belief in C, then belief in A must be greater than C) and comparable (the belief
in A must be one of equal to, greater than, or less than belief in B). It can then be proved that
probability is the only approach that satisfies these axioms.

The world being the way it is, however, practical demonstrations sometimes speak louder
than proofs. The success of reasoning systems based on probability theory has been much
more effective than philosophical arguments in making converts. We now look at how the
axioms can be deployed to make inferences.

12.3 Inference Using Full Joint Distributions

In this section we describe a simple method for probabilistic inference—that is, the compu- Probabilistic
inference

tation of posterior probabilities for query propositions given observed evidence. We use the Query

full joint distribution as the “knowledge base” from which answers to all questions may be de-
rived. Along the way we also introduce several useful techniques for manipulating equations
involving probabilities.

We begin with a simple example: a domain consisting of just the three Boolean variables
Toothache, Cavity, and Catch (the dentist’s nasty steel probe catches in my tooth). The full
joint distribution is a 2⇥2⇥2 table as shown in Figure 12.3.

toothache ¬toothache

catch ¬catch catch ¬catch

cavity 0.108 0.012 0.072 0.008
¬cavity 0.016 0.064 0.144 0.576

Figure 12.3 A full joint distribution for the Toothache, Cavity, Catch world.

Notice that the probabilities in the joint distribution sum to 1, as required by the axioms of
probability. Notice also that Equation (12.2) gives us a direct way to calculate the probability
of any proposition, simple or complex: simply identify those possible worlds in which the
proposition is true and add up their probabilities. For example, there are six possible worlds
in which cavity_ toothache holds:

P(cavity_ toothache) = 0.108+0.012+0.072+0.008+0.016+0.064 = 0.28 .

One particularly common task is to extract the distribution over some subset of variables or
a single variable. For example, adding the entries in the first row gives the unconditional or
marginal probability6 of cavity: Marginal probability

P(cavity) = 0.108+0.012+0.072+0.008 = 0.2 .

6 So called because of a common practice among actuaries of writing the sums of observed frequencies in the
margins of insurance tables.

Marginalization means “summing out” the non-query variables, which we usually denote with Z:

P (Y ) =
∑

z

P (Y, Z = z)

For example, let Y = Cavity:

P (Cavity) = P (Cavity, toothache, catch) + P (Cavity, toothache, ¬catch)
+ P (Cavity, ¬toothache, catch) + P (Cavity, ¬toothache, ¬catch)
=< 0.108, 0.016 > + < 0.012, 0.064 > + < 0.072, 0.144 > + < 0.008, 0.576 >

=< 0.2, 0.8 >

Using the product rule in P (Y ) =
∑

z P (Y, Z = z) we obtain the conditioning rule:

P (Y ) =
∑

z

P (Y | z)P (z)

These two rules are used widely in probabilistic reasoning.
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Condional Probability Distributions

We’re usually interested in conditional probabilities. To get the conditional probabilites, we use the
definition:

P (cavity | toothache) = P (cavity ∧ toothache)
P (toothache)

= 0.108 + 0.012
0.108 + 0.012 + 0.016 + 0.064 = 0.6

P (¬cavity | toothache) = P (¬cavity ∧ toothache)
P (toothache)

= 0.016 + 0.064
0.108 + 0.012 + 0.016 + 0.064 = 0.4
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Normalization

Notice that P (toothache) appears in denominator in both equations in the preceding conditional
probability calculations. We can vew it as a normalization constant, denoted α, that ensures that
the conditional probability distribution P (Cavity | toothache) sums to 1. Then we can write:

P (Cavity | toothache) = αP (Cavity, toothache)
= α[P (Cavity, toothache, catch) + P (Cavity, toothache, ¬catch)]
= α[< 0.108, 0.16 > + < 0.012, 0.064 >

= α < 0.12, 0.08 >

=< 0.6, 0.4 >

The cool thing is that we don’t even have to know P (toothache) to calculate the conditional
probability distribution P (Cavity | toothache). To make this point clearer, imagine the penultimate
line above is:

P (Cavity | toothache) = α < 0.3, 0.2 >

What’s α?
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Inference Using the Full Joint Distribution

All of the preceding can be summarized in a general inference procedure using full joint probability
distributions. Let E be a list of evidence variables, e be a list of observed values for the evidence
variables, and Y be the remaining unobserved variables. Then:

P (X | e) = αP (X, e) = α
∑

y

P (X, e, y) (12.9)

Great, so we’re done! All we need is a full joint probability distribution and we can answer any query.
Unfortunately, not practical.
▶ For a domain of n boolean variables, we have a table of size O(2n)

So we need different approaches, which we cover next.
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Independence
Weather is not affecteed by teeth. So we can assert:

P (cloud | toothache, catch, cavity) = P (cloud)

In general, if a and b are independent:

P (a | b) = P (a) or P (b | a) = P (b) or P (a ∧ b) = P (a)P (b)

Can be a big help. For example, if you have n independent coin flips, then instead of 2n full joint
table, you have a product of n distributions P (Ci).

416 Chapter 12 Quantifying Uncertainty

Weather

Toothache Catch

Cavity

decomposes
      into

WeatherToothache Catch
Cavity

decomposes
       into

Coin1 Coinn

Coin1 Coinn

(a) (b)

Figure 12.4 Two examples of factoring a large joint distribution into smaller distributions,
using absolute independence. (a) Weather and dental problems are independent. (b) Coin
flips are independent.

does not influence the dental variables. Therefore, the following assertion seems reasonable:

P(cloud | toothache,catch,cavity) = P(cloud) . (12.10)

From this, we can deduce

P(toothache,catch,cavity,cloud) = P(cloud)P(toothache,catch,cavity) .
A similar equation exists for every entry in P(Toothache,Catch,Cavity,Weather). In fact, we
can write the general equation

P(Toothache,Catch,Cavity,Weather) = P(Toothache,Catch,Cavity)P(Weather) .

Thus, the 32-element table for four variables can be constructed from one 8-element table
and one 4-element table. This decomposition is illustrated schematically in Figure 12.4(a).

The property we used in Equation (12.10) is called independence (also marginal inde-Independence

pendence and absolute independence). In particular, the weather is independent of one’s
dental problems. Independence between propositions a and b can be written as

P(a |b)=P(a) or P(b |a)=P(b) or P(a^b)=P(a)P(b) . (12.11)

All these forms are equivalent (Exercise 12.INDI). Independence between variables X and Y
can be written as follows (again, these are all equivalent):

P(X |Y )=P(X) or P(Y |X)=P(Y ) or P(X ,Y )=P(X)P(Y ) .

Independence assertions are usually based on knowledge of the domain. As the toothache–
weather example illustrates, they can dramatically reduce the amount of information nec-
essary to specify the full joint distribution. If the complete set of variables can be divided
into independent subsets, then the full joint distribution can be factored into separate joint
distributions on those subsets. For example, the full joint distribution on the outcome of n in-
dependent coin flips, P(C1, . . . ,Cn), has 2n entries, but it can be represented as the product of
n single-variable distributions P(Ci). In a more practical vein, the independence of dentistry
and meteorology is a good thing, because otherwise the practice of dentistry might require
intimate knowledge of meteorology, and vice versa.

Unfortunately, independence rarely holds in the real world.
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Bayes’ Rule
Using the symmetry P (X, Y ) = P (Y, X) and the product rule we can derive Bayes’ rule:

P (X, Y ) = P (Y, X)
P (Y | X)P (X) = P (X | Y )P (Y )

P (Y | X) = P (X | Y )P (Y )
P (X)

The usefulness of Bayes’ rule becomes apparent if we consider X as an effect and Y as a cause and
we want to determine the cause of some effect (evidence) we observe:

P (cause | effect) = P (effect | cause)P (cause)
P (effect)

▶ P (effect | cause) quantifies the causal direction.
▶ P (cause | effect) quantifies the diagnostic direction.

Reasoning from effects to causes is also called abductive reasoning. (Is Sherlock Holmes truly
employing deduction?)
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A Medical Screening Example

A cancer with occurence rate of 1% (.01) has a “90% accurate” test, and:

No Cancer Cancer

False positive rate: .03, False negative rate: 0.10
Questions:
▶ If we screen someone, what is the probability that they test positive?
▶ If someone tests positive, what is the probability that they have cancer?

The test is an effect. Cancer is the cause.
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Analysis of Medical Screening Example
With our probabilistic machinery we can analyze this cancer screening example. First, we model the
problem in the language of Bayesian probability theory:

P (C = 1) = 1
100 (Prior probability that someone has cancer)

P (C = 0) = 99
100 (Prior probability that someone has no cancer)

P (T = 1 | C = 1) = 90
100 (Conditional probability of positive test given cancer)

P (T = 0 | C = 1) = 10
100 (Conditional probability of negative test given cancer)

P (T = 1 | C = 0) = 3
100 (Conditional probability of positive test given no cancer)

P (T = 0 | C = 0) = 97
100 (Conditional probability of negative test given no cancer)

Now we can answer the two questions we posed at the outset:
▶ If we screen someone, what is the probability that they test positive?
▶ If someone tests positive, what is the probability that they have cancer?
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Analysis of Medical Screening Example

P (C = 1) = 1
100

P (C = 0) = 99
100

P (T = 1 | C = 1) = 90
100

P (T = 0 | C = 1) = 10
100

P (T = 1 | C = 0) = 3
100

P (T = 0 | C = 0) = 97
100

If we screen someone, probability that they test positive (notice use of
product rule: P (a, b) = P (a | b)P (b) and rule 2nd Kolmogorov axiom
P (x ∨ y) = P (x) + P (y) − P (x ∧ y)):

P (T = 1) = P (T = 1 | C = 0)P (C = 0) + P (T = 1 | C = 1)P (C = 1)

= 3
100 × 99

100 + 90
100 × 1

100
= 387

10, 000
= .0387

If someone tests positive, probability they have cancer :

P (C = 1 | T = 1) = P (T = 1 | C = 1)P (C = 1)
P (T = 1)

= 90
100 × 1

100 × 10, 000
387

= 90
387

≈ 0.23
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Bayes’ Rule and Combining Evidence
If dentist’s probe catches and patient has a toothache, then using the full joint:

Section 12.3 Inference Using Full Joint Distributions 413

set of axioms for reasoning with degrees of beliefs: no contradictions, correspondence with
ordinary logic (for example, if belief in A goes up, then belief in ¬A must go down), and so
on. The only controversial axiom is that degrees of belief must be numbers, or at least act
like numbers in that they must be transitive (if belief in A is greater than belief in B, which is
greater than belief in C, then belief in A must be greater than C) and comparable (the belief
in A must be one of equal to, greater than, or less than belief in B). It can then be proved that
probability is the only approach that satisfies these axioms.

The world being the way it is, however, practical demonstrations sometimes speak louder
than proofs. The success of reasoning systems based on probability theory has been much
more effective than philosophical arguments in making converts. We now look at how the
axioms can be deployed to make inferences.

12.3 Inference Using Full Joint Distributions

In this section we describe a simple method for probabilistic inference—that is, the compu- Probabilistic
inference

tation of posterior probabilities for query propositions given observed evidence. We use the Query

full joint distribution as the “knowledge base” from which answers to all questions may be de-
rived. Along the way we also introduce several useful techniques for manipulating equations
involving probabilities.

We begin with a simple example: a domain consisting of just the three Boolean variables
Toothache, Cavity, and Catch (the dentist’s nasty steel probe catches in my tooth). The full
joint distribution is a 2⇥2⇥2 table as shown in Figure 12.3.

toothache ¬toothache

catch ¬catch catch ¬catch

cavity 0.108 0.012 0.072 0.008
¬cavity 0.016 0.064 0.144 0.576

Figure 12.3 A full joint distribution for the Toothache, Cavity, Catch world.

Notice that the probabilities in the joint distribution sum to 1, as required by the axioms of
probability. Notice also that Equation (12.2) gives us a direct way to calculate the probability
of any proposition, simple or complex: simply identify those possible worlds in which the
proposition is true and add up their probabilities. For example, there are six possible worlds
in which cavity_ toothache holds:

P(cavity_ toothache) = 0.108+0.012+0.072+0.008+0.016+0.064 = 0.28 .

One particularly common task is to extract the distribution over some subset of variables or
a single variable. For example, adding the entries in the first row gives the unconditional or
marginal probability6 of cavity: Marginal probability

P(cavity) = 0.108+0.012+0.072+0.008 = 0.2 .

6 So called because of a common practice among actuaries of writing the sums of observed frequencies in the
margins of insurance tables.

we can simply read off the answer:

P (Cavity | toothache ∧ catch) = α < 0.108, 0.016 >≡< 0.871, 0.129 >

But we know this approach doesn’t scale. With n evidence variables we have O(2n) possible
combinations of observed values.
We could reformulate the problem using Bayes’ rule:

P (Cavity | toothache ∧ catch) = αP (toothache ∧ catch | Cavity)P (Cavity)

But, again, we have O(2n) combinations of observed evidence. We need some additional domain
knowledge.
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Conditional Independence

Toothache and Catch are not independent: if the probe catches in the tooth, then it is likely that the
tooth has a cavity and that the cavity causes a toothache.
However, Toothache and Catch are independent given the presence or the absence of a cavity. Each
is directly caused by the cavity, but neither has a direct effect on the other. Mathematically, we write
this fact as:

P (toothache ∧ catch | Cavity) = P (toothache | Cavity)P (catch | Cavity)

In general, the conditional independence of two variables X and Y , given a third variable Z, is
defined as:

P (X, Y | Z) = P (X | Z)P (Y | Z)

Given these independence assertions we can say P (X | Y, Z) = P (X | Z) and
P (Y | X, Z) = P (Y | Z).
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Factoring a Joint Distribution using Conditional Independence

Given the conditional independence assertion

P (Toothache, Catch | Cavity) = P (Toothache | Cavity)P (Catch | Cavity)

We can decompose the full joint for Toothache, Catch, Cavity:

P (Toothache, Catch, Cavity) = P (Toothache, Catch | Cavity)P (Cavity) (product rule)
= P (Toothache | Cavity)P (Catch | Cavity)P (Cavity)

(cond. ind. assertion above)

This decomposes the large table smaller tables. In general, this technique turns representation that
grows as O(2n) to one that grows as O(n). Conditional independence assertions:
▶ allow probabilistic systems to scale, and
▶ are much more commonly available than absolute independcence assertions.

Conceptually, we say that Cavity separates Toothache and Catch because it is a direct cause of
both of them.
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Closing Thoughts

The world is uncertain, more precisely, our knowledge of the world is uncertain.
▶ Probability gives us a language for expressing degrees of belief.
▶ Probability theory gives us the analytic tools to construct probabilistic reasoning systems.

In the next lecture we’ll begin using these tools to build our first probabilistic reasoning system:
Bayesian (Belief) Networks.
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