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Problem-Solving Agents

CHAPTER 3
SOLVING PROBLEMS BY SEARCHING
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Figure 3.1 A simplified road map of part of Romania, with road distances in miles.▶ In this lesson we consider a state to be our location in one of these cities.
▶ A goal is a state in which we are located in a particular city.

This is the essence of problem solving: transforming a current state into a goal state. The first family
of algorithms we’ll study for problem solving are search algorithms.
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Problem Solving Process

To solve a problem, we
▶ Formulate a goal, e.g., “reach Bucharest”
▶ Formulate the problem as a set of states and actions that move us from one state to another.

▶ Problem is a model – an abstract mathematical description.
▶ Abstraction is essence and ignorance.
▶ Key skill in problem formulation is finding the right level of abstraction.

▶ Search the possible sequences of action in our problem model that transforms our state from
the current state to the goal state. A sequence of actions that gets us to the goal state is called
a solution. May be many; pick one.

▶ Execute the actions in the solution.
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Open-Loop vs. Closed-Loop Control

▶ In an open-loop system the agent gets no feedback, i.e., sensor input, after executing an action.
▶ If the agent’s model is perfect and actions are deterministic, then the agent can operate in an

open-loop fashion, simply executing the actions in the solution one after the other.
▶ In a closed-loop system gets sensory feedback after every action, so it can check whether the

action had the expected effect.
▶ If the environment is partially observable or actions are nondeterministic, closed-loop control is

necessary.
▶ Say the agent executes to ToSibiu action but ends up in Zerind. Closed-loop feedback will alert the

agent to this fact so it can re-plan.
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Problems
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Search Problems

A search problem consists of:
▶ A set of states, which we call a state space.
▶ Initial state
▶ A set of goal states.

▶ Typically use an IS-GOAL(s) predicate function to identify goal states.
▶ Sets of actions available in each state, ACTION(s)

▶ ACTION(Arad)= {ToSibiu, ToTimisoara, ToZerind}

▶ A transition model, RESULT(s, a)

▶ RESULT(Arad, ToZerind)= Zerind

▶ An action cost function, ACTION-COST(s, a, s') or c(s, a, s′) which returns the cost of executing
action a in state s and reaching state s′.
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Solution
▶ A solution is a path from the start state to the a goal state.
▶ An optimal solution is a solution with lowest cost among all solutions.
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Figure 3.1 A simplified road map of part of Romania, with road distances in miles.▶ How many paths are there from Arad to Bucharest?
▶ What is/are the solutions to the Arad-to-Bucharest problem (assume perfect information – fully

observable, known dynamics, and deterministic actions)?
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Example Problems
▶ Standardized problems use idealized environments designed to illustrate or exercise various

problem-solving methods. See, for example, Gymnasium.
▶ A grid world is an standardized environment whose states are organized as a grid, and whose

actions include moving between adjacent grids.
▶ Real-world problems are formulated for specific real-world tasks, like the problem specification

used for Rhoombas.
Here’s a standardized environment for the vacuum cleaner agent, formulated as a grid world:
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Figure 3.2 The state-space graph for the two-cell vacuum world. There are 8 states and three
actions for each state: L = Left, R = Right, S = Suck.
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Figure 3.3 A typical instance of the 8-puzzle.
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Vacuum Cleaner Grid World
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Figure 3.2 The state-space graph for the two-cell vacuum world. There are 8 states and three
actions for each state: L = Left, R = Right, S = Suck.

2

Start State Goal State

1

3 4

6 7

5

1

2

3

4

6

7

8

5

8

Figure 3.3 A typical instance of the 8-puzzle.

▶ States include both the agent’s location, and characteristics of the environment. For the
vacuum world, that’s 2 · 22 = 8 states.

▶ Initial state is an arbitrary choice of the possible states. Sometimes this choice is important.
▶ Actions for this vacuum world are are L, R, and Suck.

▶ For 2D grids we can choose between
▶ absolute movement, like Up and Right, a.k.a., cardinal directions, or
▶ egocentric movement, like TurnRight, MoveForward. How does this affect the state description?

▶ Goal states are those in which every location is clean.
▶ Action cost (path cost) is 1.
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Route Finding

▶ States: a location (e.g., an airport) and the time.
▶ If action cost (e.g., a flight segment) depends on previous segments, fares, etc., the state must

include these details.
▶ Initial state: The user’s home airport.
▶ Actions: Take any flight from the current location, in any seat class, leaving after the current

time, or for connecting flights, after sufficient in-airport transfer time.
▶ Transition model: The state resulting from taking a flight will have the flight’s destination as

the new location and the flight’s arrival time as the new time.
▶ Example T (s, a, s′): T(S(ATL, 10:00), A(DL875), S(LGA, 12:00)) (DL875 has a flight time of 2 hours).

▶ Goal state: A destination city. Sometimes the goal can be more complex, such as arrive at the
destination on a nonstop flight. (Remember, a solution is a path, i.e., sequence of actions.)

▶ Action cost: A combination of monetary cost, waiting time, flight time, customs and
immigration procedures, seat quality, time of day, type of airplane, frequent-flyer reward points,
and so on.
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Real-World Problems

▶ Touring problems
▶ VLSI layout – minimize area, minimize circuit delays, minimize stray capacitances, and

maximize manufacturing yield
▶ Cell layout – place cells on chip so they don’t overlap and have room for connections
▶ Channel routing – find routes for each wire between cells

▶ Robot navigation
▶ Automatic assembly sequencing – standard practice in manufacturing since the 1970s.

▶ Solving some automatic assembly problems could earn you a Nobel Prize!
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Search Algorithms in General
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Search Algorithms

A search algorithm takes a search problem as input and returns a solution, or an indication of
failure.
▶ In general, the states and actions of a problem create a state space graph.
▶ Here we consider algorithms that superimpose a search tree over the state-space graph.
▶ Nodes correspond to states, edges correspond to actions

Don’t confuse state space with search tree.
▶ State space is set of states, and actions that cause transitions between states.
▶ Search tree describes paths between these states, reaching towards the goal(s).

▶ May be many nodes for a given state, but each path from root to node is unique.
Here is a search tree being imposed on the Romania state space graph by a search algorithm.

90 Chapter 3 Solving Problems by Searching

Figure 3.5 A sequence of search trees generated by a graph search on the Romania problem
of Figure 3.1. At each stage, we have expanded every node on the frontier, extending every
path with all applicable actions that don’t result in a state that has already been reached.
Notice that at the third stage, the topmost city (Oradea) has two successors, both of which
have already been reached by other paths, so no paths are extended from Oradea.

(a) (b) (c)

Figure 3.6 The separation property of graph search, illustrated on a rectangular-grid prob-
lem. The frontier (green) separates the interior (lavender) from the exterior (faint dashed).
The frontier is the set of nodes (and corresponding states) that have been reached but not yet
expanded; the interior is the set of nodes (and corresponding states) that have been expanded;
and the exterior is the set of states that have not been reached. In (a), just the root has been
expanded. In (b), the top frontier node is expanded. In (c), the remaining successors of the
root are expanded in clockwise order.

the available ACTIONS for that state, using the RESULT function to see where those actions
lead to, and generating a new node (called a child node or successor node) for each of theGenerating

Child node

Successor node

resulting states. Each child node has Arad as its parent node.

Parent node

Now we must choose which of these three child nodes to consider next. This is the
essence of search—following up one option now and putting the others aside for later. Sup-
pose we choose to expand Sibiu first. Figure 3.4 (bottom) shows the result: a set of 6 unex-
panded nodes (outlined in bold). We call this the frontier of the search tree. We say that anyFrontier

state that has had a node generated for it has been reached (whether or not that node has beenReached

expanded).5 Figure 3.5 shows the search tree superimposed on the state-space graph.
Note that the frontier separates two regions of the state-space graph: an interior regionSeparator

where every state has been expanded, and an exterior region of states that have not yet been
reached. This property is illustrated in Figure 3.6.

5 Some authors call the frontier the open list, which is both geographically less evocative and computationally
less appropriate, because a queue is more efficient than a list here. Those authors use the term closed list to refer
to the set of previously expanded nodes, which in our terminology would be the reached nodes minus the frontier.
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Elements of Search Algorithms

Essence of search:
▶ Choose a child node to consider next. “Who’s first?”
▶ Put aside other nodes for later. “Who’s next?”

Root node is initial state. At each node we can expand the node, which grows the tree, by taking
actions (adding edges) that lead to successor states (generate successor/child nodes). Search
algorithms must keep track of:
▶ Expanded nodes. We test expanded nodes before dealing with frontier.
▶ Frontier nodes, which are generated but not yet expanded.

▶ Reached = Expanded + Frontier
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Search Progression

Section 3.3 Search Algorithms 89

3.3 Search Algorithms

A search algorithm takes a search problem as input and returns a solution, or an indication of Search algorithm

failure. In this chapter we consider algorithms that superimpose a search tree over the state-
space graph, forming various paths from the initial state, trying to find a path that reaches a
goal state. Each node in the search tree corresponds to a state in the state space and the edges Node

in the search tree correspond to actions. The root of the tree corresponds to the initial state of
the problem.

It is important to understand the distinction between the state space and the search tree.
The state space describes the (possibly infinite) set of states in the world, and the actions
that allow transitions from one state to another. The search tree describes paths between
these states, reaching towards the goal. The search tree may have multiple paths to (and thus
multiple nodes for) any given state, but each node in the tree has a unique path back to the
root (as in all trees).

Figure 3.4 shows the first few steps in finding a path from Arad to Bucharest. The root
node of the search tree is at the initial state, Arad. We can expand the node, by considering Expand
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Figure 3.4 Three partial search trees for finding a route from Arad to Bucharest. Nodes
that have been expanded are lavender with bold letters; nodes on the frontier that have been
generated but not yet expanded are in green; the set of states corresponding to these two
types of nodes are said to have been reached. Nodes that could be generated next are shown
in faint dashed lines. Notice in the bottom tree there is a cycle from Arad to Sibiu to Arad;
that can’t be an optimal path, so search should not continue from there.

▶ Expanded nodes are lavender with bold letters.
▶ Frontier nodes are green with normal weight font.
▶ Nodes in dashed-line ovals are candidates for expansion.
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Separation Property of Graph Search

The frontier separates the interior region of expanded nodes from the exterior region of unexpanded
nodes.
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Figure 3.5 A sequence of search trees generated by a graph search on the Romania problem
of Figure 3.1. At each stage, we have expanded every node on the frontier, extending every
path with all applicable actions that don’t result in a state that has already been reached.
Notice that at the third stage, the topmost city (Oradea) has two successors, both of which
have already been reached by other paths, so no paths are extended from Oradea.

(a) (b) (c)

Figure 3.6 The separation property of graph search, illustrated on a rectangular-grid prob-
lem. The frontier (green) separates the interior (lavender) from the exterior (faint dashed).
The frontier is the set of nodes (and corresponding states) that have been reached but not yet
expanded; the interior is the set of nodes (and corresponding states) that have been expanded;
and the exterior is the set of states that have not been reached. In (a), just the root has been
expanded. In (b), the top frontier node is expanded. In (c), the remaining successors of the
root are expanded in clockwise order.

the available ACTIONS for that state, using the RESULT function to see where those actions
lead to, and generating a new node (called a child node or successor node) for each of theGenerating

Child node

Successor node

resulting states. Each child node has Arad as its parent node.

Parent node

Now we must choose which of these three child nodes to consider next. This is the
essence of search—following up one option now and putting the others aside for later. Sup-
pose we choose to expand Sibiu first. Figure 3.4 (bottom) shows the result: a set of 6 unex-
panded nodes (outlined in bold). We call this the frontier of the search tree. We say that anyFrontier

state that has had a node generated for it has been reached (whether or not that node has beenReached

expanded).5 Figure 3.5 shows the search tree superimposed on the state-space graph.
Note that the frontier separates two regions of the state-space graph: an interior regionSeparator

where every state has been expanded, and an exterior region of states that have not yet been
reached. This property is illustrated in Figure 3.6.

5 Some authors call the frontier the open list, which is both geographically less evocative and computationally
less appropriate, because a queue is more efficient than a list here. Those authors use the term closed list to refer
to the set of previously expanded nodes, which in our terminology would be the reached nodes minus the frontier.

Frontier is in green. Interior is lavender. Exterior is faint dashed.
▶ (a) Only root expanded.
▶ (b) Top frontier node expanded.
▶ (c) Remaining successors of root expanded in clockwise order.
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Redundant Paths

Section 3.3 Search Algorithms 89

3.3 Search Algorithms

A search algorithm takes a search problem as input and returns a solution, or an indication of Search algorithm

failure. In this chapter we consider algorithms that superimpose a search tree over the state-
space graph, forming various paths from the initial state, trying to find a path that reaches a
goal state. Each node in the search tree corresponds to a state in the state space and the edges Node

in the search tree correspond to actions. The root of the tree corresponds to the initial state of
the problem.

It is important to understand the distinction between the state space and the search tree.
The state space describes the (possibly infinite) set of states in the world, and the actions
that allow transitions from one state to another. The search tree describes paths between
these states, reaching towards the goal. The search tree may have multiple paths to (and thus
multiple nodes for) any given state, but each node in the tree has a unique path back to the
root (as in all trees).

Figure 3.4 shows the first few steps in finding a path from Arad to Bucharest. The root
node of the search tree is at the initial state, Arad. We can expand the node, by considering Expand
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Figure 3.4 Three partial search trees for finding a route from Arad to Bucharest. Nodes
that have been expanded are lavender with bold letters; nodes on the frontier that have been
generated but not yet expanded are in green; the set of states corresponding to these two
types of nodes are said to have been reached. Nodes that could be generated next are shown
in faint dashed lines. Notice in the bottom tree there is a cycle from Arad to Sibiu to Arad;
that can’t be an optimal path, so search should not continue from there.

In the path from Arad to Sibiu to Arad,
▶ Arad is a repeated state and
▶ the path is a cycle, or loopy path.

Cycle special case of redundant path: multiple paths to the same state. Three approaches:
1. Remember reached states, like best-first search. Best when reached states fits in memory.
2. Don’t worry about repeated states. Works when repeated states rare or impossible.

▶ Graph search checks for redundant paths, which occur in graphs in general.
▶ Tree-like search does not check for redundant paths, since trees are acyclic graphs.

3. Only check for cycles, not other kinds of redundant paths.
▶ E.g., search path in reverse

19 / 39



Measuring Problem-Solving Performance

▶ Completeness: Is the algorithm guaranteed to find a solution when there is one, and to
correctly report failure when there is not?
▶ Complete search algorithms must be systematic.
▶ Easier to achieve for finite state spaces.
▶ In an infinite state space with no solution, search won’t terminate.

▶ Cost optimality: Does it find a solution with the lowest path cost of all solutions?
▶ Time complexity: How long does it take to find a solution? This can be measured in seconds,

or more abstractly by the number of states and actions considered.
▶ Space complexity: How much memory is needed to perform the search?

For explicit graphs, like Romania, time and space complexity typically expressed in terms of number
of vertices (state nodes), |V |, and number of edges, |E| (state-action pairs, which generate ((s, a, s′)
triples).
For implicit state space graphs we characterize time and space complexity in terms of depth, d
(number of actions in an optimal solution), and branching factor, b (number of successor nodes per
node). For most of our discussions, we’ll use this characterization.
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Common Search Algorithm Implementation Elements
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Implementation Note: The yield statement

A function containing a yield statement is a generator. Use a generator to turn a data generating
process into an iterator. Node expansion is a data generating process.

1 In [36]: def by_twos(start: int, end: int):
2 ...: x = start
3 ...: while x < end:
4 ...: yield x
5 ...: x += 2
6 ...:
7
8 In [37]: by_twos(1, 9)
9 Out[37]: <generator object by_twos at 0x109010ee0>

10
11 In [38]: list(Out[37])
12 Out[38]: [1, 3, 5, 7]
13
14 In [39]: for x in by_twos(1, 10):
15 ...: print(f"{x=}")
16 ...:
17 x=1
18 x=3
19 x=5
20 x=7
21 x=9
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Search Data Structures
Node:
▶ node.STATE: the state to which the node corresponds;
▶ node.PARENT: the node in the tree that generated this node;
▶ node.ACTION: the action that was applied to the parent’s state to generate this node;
▶ node.PATH-COST: the total cost of the path from the initial state to this node. In math- ematical

formulas, we use g(node) as a synonym for PATH-COST.
Frontier is a queue with operations:
▶ IS-EMPTY(frontier) returns true only if there are no nodes in the frontier.
▶ POP(frontier) removes the top node from the frontier and returns it.
▶ TOP(frontier) returns (but does not remove) the top node of the frontier.
▶ ADD(node, frontier) inserts node into its proper place in the queue.

Queues used in search algorithms:
▶ A priority queue first pops the node with the minimum cost according to some evaluation

function, f . It is used in best-first search.
▶ A FIFO queue or first-in-first-out queue first pops the node that was added to the queue first;

we shall see it is used in breadth-first search.
▶ A LIFO queue or last-in-first-out queue (also known as a stack) pops first the most recently

added node; we shall see it is used in depth-first search.
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Best-First Search

Best-first search is an abstract search algorithm. Name can be tricky to understand.
▶ Best way to pick the first node to consider next.
▶ We use a generalization of queues, called a priority queue, to store the frontier.
▶ An evaluation function, f(node), imposes an ordering on the nodes in the priority queue.

The evaluation function considers the path to the node, not any property of the node
itself. Remember, a solution to a search problem is characterized by the path from the
root to the goal, not some characteristic of the goal.
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Best-First Search Algorithm
Section 3.3 Search Algorithms 91

function BEST-FIRST-SEARCH(problem, f ) returns a solution node or failure
node NODE(STATE=problem.INITIAL)
frontier a priority queue ordered by f , with node as an element
reached a lookup table, with one entry with key problem.INITIAL and value node
while not IS-EMPTY(frontier) do

node POP(frontier)
if problem.IS-GOAL(node.STATE) then return node
for each child in EXPAND(problem, node) do

s child.STATE
if s is not in reached or child.PATH-COST < reached[s].PATH-COST then

reached[s] child
add child to frontier

return failure

function EXPAND(problem, node) yields nodes
s node.STATE
for each action in problem.ACTIONS(s) do

s0 problem.RESULT(s, action)
cost node.PATH-COST + problem.ACTION-COST(s, action, s0)
yield NODE(STATE=s0, PARENT=node, ACTION=action, PATH-COST=cost)

Figure 3.7 The best-first search algorithm, and the function for expanding a node. The data
structures used here are described in Section 3.3.2. See Appendix B for yield.

3.3.1 Best-first search

How do we decide which node from the frontier to expand next? A very general approach
is called best-first search, in which we choose a node, n, with minimum value of some Best-first search

evaluation function, f (n). Figure 3.7 shows the algorithm. On each iteration we choose Evaluation function

a node on the frontier with minimum f (n) value, return it if its state is a goal state, and
otherwise apply EXPAND to generate child nodes. Each child node is added to the frontier
if it has not been reached before, or is re-added if it is now being reached with a path that
has a lower path cost than any previous path. The algorithm returns either an indication of
failure, or a node that represents a path to a goal. By employing different f (n) functions, we
get different specific algorithms, which this chapter will cover.

3.3.2 Search data structures

Search algorithms require a data structure to keep track of the search tree. A node in the tree
is represented by a data structure with four components:

• node.STATE: the state to which the node corresponds;
• node.PARENT: the node in the tree that generated this node;
• node.ACTION: the action that was applied to the parent’s state to generate this node;
• node.PATH-COST: the total cost of the path from the initial state to this node. In math-

ematical formulas, we use g(node) as a synonym for PATH-COST.

Following the PARENT pointers back from a node allows us to recover the states and actions
along the path to that node. Doing this from a goal node gives us the solution.

We’ll now describe several uninformed search algorithms. I recommend you also look at their
implementations in Python, which may be easier to follow.
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Uninformed Search
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Uninformed Search Strategies

Uninformed search strategies have no information about which actions are better for reaching a goal.
In these cases we can only do systematic searches of the state space. We’ll discuss
▶ Breadth-first search
▶ Uniform-Cost search (Djikstra’s algorithm)
▶ Depth-first search
▶ Depth-limited searchand
▶ Iterative deepening search.
▶ Bidirectional search
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Breadth-First Search

▶ Good when path costs are uniform.
▶ Equivalent to best-first search where f(node) is the depth of the node
▶ Guaranteed to find minimal number of actions because it evaluates depth d before generating

depth d + 1.
But three optimizations afforded by the BFS algorithm and uniform path costs:
▶ FIFO queue instead of priority queue
▶ Reached is a set instead of a mapping S → Node

▶ With uniform path costs, as soon as BFS finds a node, it’s the fastest way to it.
▶ Early goal test – as soon as we expand a node, we can test it.
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BFS Algorithm

94 Chapter 3 Solving Problems by Searching

the number of edges (distinct state/action pairs). This is appropriate when the graph is an
explicit data structure, such as the map of Romania. But in many AI problems, the graph is
represented only implicitly by the initial state, actions, and transition model. For an implicit
state space, complexity can be measured in terms of d, the depth or number of actions inDepth

an optimal solution; m, the maximum number of actions in any path; and b, the branching
factor or number of successors of a node that need to be considered.Branching factor

3.4 Uninformed Search Strategies

An uninformed search algorithm is given no clue about how close a state is to the goal(s).
For example, consider our agent in Arad with the goal of reaching Bucharest. An uninformed
agent with no knowledge of Romanian geography has no clue whether going to Zerind or
Sibiu is a better first step. In contrast, an informed agent (Section 3.5) who knows the location
of each city knows that Sibiu is much closer to Bucharest and thus more likely to be on the
shortest path.

3.4.1 Breadth-first search

When all actions have the same cost, an appropriate strategy is breadth-first search, in whichBreadth-first search

the root node is expanded first, then all the successors of the root node are expanded next,
then their successors, and so on. This is a systematic search strategy that is therefore com-
plete even on infinite state spaces. We could implement breadth-first search as a call to
BEST-FIRST-SEARCH where the evaluation function f (n) is the depth of the node—that is,
the number of actions it takes to reach the node.

However, we can get additional efficiency with a couple of tricks. A first-in-first-out
queue will be faster than a priority queue, and will give us the correct order of nodes: new
nodes (which are always deeper than their parents) go to the back of the queue, and old nodes,
which are shallower than the new nodes, get expanded first. In addition, reached can be a set
of states rather than a mapping from states to nodes, because once we’ve reached a state,
we can never find a better path to the state. That also means we can do an early goal test,Early goal test

checking whether a node is a solution as soon as it is generated, rather than the late goal testLate goal test

that best-first search uses, waiting until a node is popped off the queue. Figure 3.8 shows the
progress of a breadth-first search on a binary tree, and Figure 3.9 shows the algorithm with
the early-goal efficiency enhancements.

Breadth-first search always finds a solution with a minimal number of actions, because
when it is generating nodes at depth d, it has already generated all the nodes at depth d�1,
so if one of them were a solution, it would have been found. That means it is cost-optimal
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Figure 3.8 Breadth-first search on a simple binary tree. At each stage, the node to be ex-
panded next is indicated by the triangular marker.
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function BREADTH-FIRST-SEARCH(problem) returns a solution node or failure
node NODE(problem.INITIAL)
if problem.IS-GOAL(node.STATE) then return node
frontier a FIFO queue, with node as an element
reached {problem.INITIAL}
while not IS-EMPTY(frontier) do

node POP(frontier)
for each child in EXPAND(problem, node) do

s child.STATE
if problem.IS-GOAL(s) then return child
if s is not in reached then

add s to reached
add child to frontier

return failure

function UNIFORM-COST-SEARCH(problem) returns a solution node, or failure
return BEST-FIRST-SEARCH(problem, PATH-COST)

Figure 3.9 Breadth-first search and uniform-cost search algorithms.

for problems where all actions have the same cost, but not for problems that don’t have that
property. It is complete in either case. In terms of time and space, imagine searching a
uniform tree where every state has b successors. The root of the search tree generates b
nodes, each of which generates b more nodes, for a total of b2 at the second level. Each of
these generates b more nodes, yielding b3 nodes at the third level, and so on. Now suppose
that the solution is at depth d. Then the total number of nodes generated is

1+b+b2 +b3 + · · ·+bd = O(bd)

All the nodes remain in memory, so both time and space complexity are O(bd). Exponential
bounds like that are scary. As a typical real-world example, consider a problem with branch-
ing factor b = 10, processing speed 1 million nodes/second, and memory requirements of 1
Kbyte/node. A search to depth d = 10 would take less than 3 hours, but would require 10
terabytes of memory. The memory requirements are a bigger problem for breadth-first search J
than the execution time. But time is still an important factor. At depth d = 14, even with
infinite memory, the search would take 3.5 years. In general, exponential-complexity search J
problems cannot be solved by uninformed search for any but the smallest instances.

3.4.2 Dijkstra’s algorithm or uniform-cost search

When actions have different costs, an obvious choice is to use best-first search where the
evaluation function is the cost of the path from the root to the current node. This is called Di-
jkstra’s algorithm by the theoretical computer science community, and uniform-cost search Uniform-cost search

by the AI community. The idea is that while breadth-first search spreads out in waves of uni-
form depth—first depth 1, then depth 2, and so on—uniform-cost search spreads out in waves
of uniform path-cost. The algorithm can be implemented as a call to BEST-FIRST-SEARCH

with PATH-COST as the evaluation function, as shown in Figure 3.9.
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Analysis of BFS

▶ Complete, because it generates all nodes at each depth.
▶ Time complexity: at each level, b nodes for each b predecessors, so

▶ 1 + b + b2 + b3 + · · · + bd = O(bd)
▶ Space complexity: O(bd) because all nodes are stored while the search proceeds.

Uninformed search is not appropriate for exponential complexity problems except for smallest
instances. Assuming your computer can process 1 million nodes per second and store each node in 1
Kb,
▶ For a problem with b = 10 and d = 10, how long will it take search and how much space will be

required?
▶ Same problem, but with d = 14?
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Uniform-Cost Search (Dijkstra’s Algorithm)
BFS where the best-first f(node) is the path cost to the current node.

96 Chapter 3 Solving Problems by Searching

Sibiu Fagaras

Pitesti

Rimnicu Vilcea

Bucharest

99

80

97

101

211

Figure 3.10 Part of the Romania state space, selected to illustrate uniform-cost search.

Consider Figure 3.10, where the problem is to get from Sibiu to Bucharest. The succes-
sors of Sibiu are Rimnicu Vilcea and Fagaras, with costs 80 and 99, respectively. The least-
cost node, Rimnicu Vilcea, is expanded next, adding Pitesti with cost 80 + 97=177. The
least-cost node is now Fagaras, so it is expanded, adding Bucharest with cost 99+211=310.
Bucharest is the goal, but the algorithm tests for goals only when it expands a node, not when
it generates a node, so it has not yet detected that this is a path to the goal.

The algorithm continues on, choosing Pitesti for expansion next and adding a second path
to Bucharest with cost 80 + 97 + 101=278. It has a lower cost, so it replaces the previous
path in reached and is added to the frontier. It turns out this node now has the lowest cost,
so it is considered next, found to be a goal, and returned. Note that if we had checked for a
goal upon generating a node rather than when expanding the lowest-cost node, then we would
have returned a higher-cost path (the one through Fagaras).

The complexity of uniform-cost search is characterized in terms of C⇤, the cost of the
optimal solution,8 and ✏, a lower bound on the cost of each action, with ✏ > 0. Then the
algorithm’s worst-case time and space complexity is O(b1+bC⇤/✏c), which can be much greater
than bd . This is because uniform-cost search can explore large trees of actions with low costs
before exploring paths involving a high-cost and perhaps useful action. When all action costs
are equal, b1+bC⇤/✏c is just bd+1, and uniform-cost search is similar to breadth-first search.

Uniform-cost search is complete and is cost-optimal, because the first solution it finds
will have a cost that is at least as low as the cost of any other node in the frontier. Uniform-
cost search considers all paths systematically in order of increasing cost, never getting caught
going down a single infinite path (assuming that all action costs are > ✏ > 0).

3.4.3 Depth-first search and the problem of memory

Depth-first search always expands the deepest node in the frontier first. It could be imple-Depth-first search

mented as a call to BEST-FIRST-SEARCH where the evaluation function f is the negative
of the depth. However, it is usually implemented not as a graph search but as a tree-like
search that does not keep a table of reached states. The progress of the search is illustrated
in Figure 3.11; search proceeds immediately to the deepest level of the search tree, where the
nodes have no successors. The search then “backs up” to the next deepest node that still has

8 Here, and throughout the book, the “star” in C⇤ means an optimal value for C.

▶ From Sibiu, exand Faragas and RV.
▶ Path cost to RV is less, so it’s expanded next, adding Pitesti to frontier.
▶ Path cost to Pitesti is 80 + 97 = 177, so Faragas is expanded next, adding Bucharest, the goal

to the frontier with a total path cost of 99 + 211 = 310.
▶ Goal test not applied to a node until it’s expanded, so . . .

▶ Expand Pitesti, which adds Bucharest, the goal, to the frontier with a path cost of 177 + 101 =
278
▶ 278 < 310, so this is not at head of priority queue.

▶ Apply goal test to Bucharest node before expansion, finding it to be the goal.
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Analysis of Uniform-Cost Search

Let C∗ be the cost of the optimal solution and ϵ > 0 be a lower bound on the cost of each action.
▶ Complete, like BFS
▶ Cost-optimal, because a solution will be at least as low cost as any other in the frontier.
▶ Time and space complexity are O(b1+⌊ C∗

ϵ ⌋).
▶ Since lower cost paths are always explored first, even when a higher cost path might be the one to

lead to an optimal solution, can be worse than BFS.
▶ If all action costs equal, then it’s like BFS, O(b1+d).
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Depth-First Search - FIFO Frontier
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Figure 3.11 A dozen steps (left to right, top to bottom) in the progress of a depth-first search
on a binary tree from start state A to goal M. The frontier is in green, with a triangle marking
the node to be expanded next. Previously expanded nodes are lavender, and potential future
nodes have faint dashed lines. Expanded nodes with no descendants in the frontier (very faint
lines) can be discarded.

unexpanded successors. Depth-first search is not cost-optimal; it returns the first solution it
finds, even if it is not cheapest.

For finite state spaces that are trees it is efficient and complete; for acyclic state spaces
it may end up expanding the same state many times via different paths, but will (eventually)
systematically explore the entire space.

In cyclic state spaces it can get stuck in an infinite loop; therefore some implementations
of depth-first search check each new node for cycles. Finally, in infinite state spaces, depth-
first search is not systematic: it can get stuck going down an infinite path, even if there are no
cycles. Thus, depth-first search is incomplete.

With all this bad news, why would anyone consider using depth-first search rather than
breadth-first or best-first? The answer is that for problems where a tree-like search is feasible,
depth-first search has much smaller needs for memory. We don’t keep a reached table at all,
and the frontier is very small: think of the frontier in breadth-first search as the surface of an
ever-expanding sphere, while the frontier in depth-first search is just a radius of the sphere.

33 / 39



Analysis of DFS

▶ Not cost-optimal – returns first solution it finds
▶ For state space that are finite trees:

▶ Complete
▶ Time O(n) where n is number of states
▶ Space: O(bm), where b is branching factor and m is max depth of tree.

▶ For (acyclic) graph state spaces, may expand same state via multiple paths.
▶ For cyclic graph state spaces, need to check for cycles to prevent infinite loops.

▶ For infinite state spaces, not complete – may get stuck in an infinite subtree.
Why bother with DFS at all? Memory efficiency
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Depth-Limited Search

Section 3.4 Uninformed Search Strategies 99

function ITERATIVE-DEEPENING-SEARCH(problem) returns a solution node or failure
for depth = 0 to • do

result DEPTH-LIMITED-SEARCH(problem, depth)
if result 6= cutoff then return result

function DEPTH-LIMITED-SEARCH(problem, `) returns a node or failure or cutoff
frontier a LIFO queue (stack) with NODE(problem.INITIAL) as an element
result failure
while not IS-EMPTY(frontier) do

node POP(frontier)
if problem.IS-GOAL(node.STATE) then return node
if DEPTH(node) > ` then

result cutoff
else if not IS-CYCLE(node) do

for each child in EXPAND(problem, node) do
add child to frontier

return result

Figure 3.12 Iterative deepening and depth-limited tree-like search. Iterative deepening re-
peatedly applies depth-limited search with increasing limits. It returns one of three different
types of values: either a solution node; or failure, when it has exhausted all nodes and proved
there is no solution at any depth; or cutoff , to mean there might be a solution at a deeper depth
than `. This is a tree-like search algorithm that does not keep track of reached states, and thus
uses much less memory than best-first search, but runs the risk of visiting the same state mul-
tiple times on different paths. Also, if the IS-CYCLE check does not check all cycles, then
the algorithm may get caught in a loop.

The time complexity is O(bd) when there is a solution, or O(bm) when there is none. Each
iteration of iterative deepening search generates a new level, in the same way that breadth-
first search does, but breadth-first does this by storing all nodes in memory, while iterative-
deepening does it by repeating the previous levels, thereby saving memory at the cost of more
time. Figure 3.13 shows four iterations of iterative-deepening search on a binary search tree,
where the solution is found on the fourth iteration.

Iterative deepening search may seem wasteful because states near the top of the search
tree are re-generated multiple times. But for many state spaces, most of the nodes are in the
bottom level, so it does not matter much that the upper levels are repeated. In an iterative
deepening search, the nodes on the bottom level (depth d) are generated once, those on the
next-to-bottom level are generated twice, and so on, up to the children of the root, which are
generated d times. So the total number of nodes generated in the worst case is

N(IDS) = (d)b1 +(d�1)b2 +(d�2)b3 · · ·+bd ,

which gives a time complexity of O(bd)—asymptotically the same as breadth-first search.
For example, if b = 10 and d = 5, the numbers are

N(IDS) = 50+400+3,000+20,000+100,000 = 123,450

N(BFS) = 10+100+1,000+10,000+100,000 = 111,110 .

If you are really concerned about the repetition, you can use a hybrid approach that runs

▶ If limit, ℓ, too small, won’t find goal.
▶ To guarantee completeness, choose ℓ ≥ diameter

▶ Diameter of a state space graph: maximum number of actions necessary to transition from any
state to any other state.
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Iterative Deepening Search
100 Chapter 3 Solving Problems by Searching
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Figure 3.13 Four iterations of iterative deepening search for goal M on a binary tree, with
the depth limit varying from 0 to 3. Note the interior nodes form a single path. The triangle
marks the node to expand next; green nodes with dark outlines are on the frontier; the very
faint nodes provably can’t be part of a solution with this depth limit.

breadth-first search until almost all the available memory is consumed, and then runs iterative
deepening from all the nodes in the frontier. In general, iterative deepening is the preferredI
uninformed search method when the search state space is larger than can fit in memory and
the depth of the solution is not known.

3.4.5 Bidirectional search

The algorithms we have covered so far start at an initial state and can reach any one of multiple
possible goal states. An alternative approach called bidirectional search simultaneouslyBidirectional search

searches forward from the initial state and backwards from the goal state(s), hoping that the
two searches will meet. The motivation is that bd/2 +bd/2 is much less than bd (e.g., 50,000
times less when b=d =10).
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Analysis of Iterative Deepening Search

▶ Cost-optimal for state spaces where all actions have same cost.
▶ For state space that are finite trees, where b is branching factor and m is max depth of tree:

▶ Complete for finite acyclic spaces, or finite cyclic spaces with cycle checking
▶ Space: O(bd) if there is a solution, O(bm) if no solution,
▶ Time O(bd) if there is a solution, O(bm) if no solution.

▶ N(IDS) = (d)b1 + (d − 1)b2 + · · · + bd

▶ For (acyclic) graph state spaces, may expand same state via multiple paths.
▶ For cyclic graph state spaces, need to check for cycles to prevent infinite loops.

▶ For infinite state spaces, not complete – may get stuck in an infinite subtree.

In general, iterative deepening search is the preferred uninformed search method when
the search state space is larger than can fit in memory and The depth of the solution is
not known.
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Bidirectional Best-First Search
Section 3.4 Uninformed Search Strategies 101

function BIBF-SEARCH(problemF , fF , problemB, fB) returns a solution node, or failure
nodeF NODE(problemF .INITIAL) // Node for a start state
nodeB NODE(problemB.INITIAL) // Node for a goal state
frontierF a priority queue ordered by fF , with nodeF as an element
frontierB a priority queue ordered by fB, with nodeB as an element
reachedF a lookup table, with one key nodeF .STATE and value nodeF
reachedB a lookup table, with one key nodeB.STATE and value nodeB
solution failure
while not TERMINATED(solution, frontierF , frontierB) do

if fF (TOP(frontierF )) < fB(TOP(frontierB)) then
solution PROCEED(F, problemF , frontierF , reachedF , reachedB, solution)

else solution PROCEED(B, problemB, frontierB, reachedB, reachedF , solution)
return solution

function PROCEED(dir, problem, frontier, reached, reached2, solution) returns a solution
// Expand node on frontier; check against the other frontier in reached2.
// The variable “dir” is the direction: either F for forward or B for backward.

node POP(frontier)
for each child in EXPAND(problem, node) do

s child.STATE
if s not in reached or PATH-COST(child) < PATH-COST(reached[s]) then

reached[s] child
add child to frontier
if s is in reached2 then

solution2 JOIN-NODES(dir, child, reached2[s]))
if PATH-COST(solution2) < PATH-COST(solution) then

solution solution2
return solution

Figure 3.14 Bidirectional best-first search keeps two frontiers and two tables of reached
states. When a path in one frontier reaches a state that was also reached in the other half of
the search, the two paths are joined (by the function JOIN-NODES) to form a solution. The
first solution we get is not guaranteed to be the best; the function TERMINATED determines
when to stop looking for new solutions.

For this to work, we need to keep track of two frontiers and two tables of reached states,
and we need to be able to reason backwards: if state s0 is a successor of s in the forward
direction, then we need to know that s is a successor of s0 in the backward direction. We have
a solution when the two frontiers collide.9

There are many different versions of bidirectional search, just as there are many different
unidirectional search algorithms. In this section, we describe bidirectional best-first search.
Although there are two separate frontiers, the node to be expanded next is always one with
a minimum value of the evaluation function, across either frontier. When the evaluation

9 In our implementation, the reached data structure supports a query asking whether a given state is a member,
and the frontier data structure (a priority queue) does not, so we check for a collision using reached; but concep-
tually we are asking if the two frontiers have met up. The implementation can be extended to handle multiple
goal states by loading the node for each goal state into the backwards frontier and backwards reached table.

Motivation: b
d
2 + b

d
2 ≪ bd.
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function is the path cost, we get bidirectional uniform-cost search, and if the cost of the
optimal path is C⇤, then no node with cost > C⇤

2 will be expanded. This can result in a
considerable speedup.

The general best-first bidirectional search algorithm is shown in Figure 3.14. We pass
in two versions of the problem and the evaluation function, one in the forward direction
(subscript F) and one in the backward direction (subscript B). When the evaluation function
is the path cost, we know that the first solution found will be an optimal solution, but with
different evaluation functions that is not necessarily true. Therefore, we keep track of the best
solution found so far, and might have to update that several times before the TERMINATED

test proves that there is no possible better solution remaining.

3.4.6 Comparing uninformed search algorithms

Figure 3.15 compares uninformed search algorithms in terms of the four evaluation criteria set
forth in Section 3.3.4. This comparison is for tree-like search versions which don’t check for
repeated states. For graph searches which do check, the main differences are that depth-first
search is complete for finite state spaces, and the space and time complexities are bounded
by the size of the state space (the number of vertices and edges, |V |+ |E|).

Criterion Breadth- Uniform- Depth- Depth- Iterative Bidirectional
First Cost First Limited Deepening (if applicable)

Complete? Yes1 Yes1,2 No No Yes1 Yes1,4

Optimal cost? Yes3 Yes No No Yes3 Yes3,4

Time O(bd) O(b1+bC⇤/✏c) O(bm) O(b`) O(bd) O(bd/2)

Space O(bd) O(b1+bC⇤/✏c) O(bm) O(b`) O(bd) O(bd/2)

Figure 3.15 Evaluation of search algorithms. b is the branching factor; m is the maximum
depth of the search tree; d is the depth of the shallowest solution, or is m when there is
no solution; ` is the depth limit. Superscript caveats are as follows: 1 complete if b is
finite, and the state space either has a solution or is finite. 2 complete if all action costs are
� ✏ > 0; 3 cost-optimal if action costs are all identical; 4 if both directions are breadth-first
or uniform-cost.

3.5 Informed (Heuristic) Search Strategies

This section shows how an informed search strategy—one that uses domain-specific hintsInformed search

about the location of goals—can find solutions more efficiently than an uninformed strategy.
The hints come in the form of a heuristic function, denoted h(n):10Heuristic function

h(n) = estimated cost of the cheapest path from the state at node n to a goal state.

For example, in route-finding problems, we can estimate the distance from the current state to
a goal by computing the straight-line distance on the map between the two points. We study
heuristics and where they come from in more detail in Section 3.6.

10 It may seem odd that the heuristic function operates on a node, when all it really needs is the node’s state. It is
traditional to use h(n) rather than h(s) to be consistent with the evaluation function f (n) and the path cost g(n).

Notes:
▶ 1: complete if b is finite, and the state space either has a solution or is finite
▶ 2: complete if all action costs are ≥ ϵ > 0
▶ 3: cost-optimal if action costs are all identical
▶ 4: if both directions are breadth-first or uniform-cost
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