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Approximate Inference for Bayesian Networks

Exact inference in large Bayesian networks is intractable, so we need approximate inference methods.
The methods we’ll learn are randomized sampling agorithms, a.k.a., Monte Carlo algorithms, a.k.a.,
stochastic simulation. They work by
▶ generating random events based on the probabilities in the Bayes net and
▶ counting up the different answers found in those random events.

The more the samples, the closer to the true probability distribution.
We’ll learn two families of Monte carlo algorithms:
▶ direct sampling, and
▶ Markov chain sampling.
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The Utility of Sampling
We observe data generated by some process.

1

Then we use those samples to make inferences about the data generating process.
▶ In supervised machine learning we assume a distribution for the data generating process and

estimate its parameters.
▶ In probabilistic inference, we have a model of the full joint distribution (a Bayes net) and use it

to generate samples to answer probabilistic queries.

1All of Statistics
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Computational Sampling of a Univariate Distribution

The primitive element in any sampling algorithm is the generation of samples from a known
probability distribution.

To generate samples from a single discrete or real-valued variable, X,
▶ First totally order the values in the domain of X.

▶ For discrete variables, if there is no natural order, just create an
arbitrary ordering. Given this ordering, the cumulative probability
distribution is a function of x defined by f(x) = P (X ≤ x).

▶ Select a uniform random number y in the domain [0, 1].
▶ Let v be the value of X that maps to y in the cumulative

probability distribution. That is, v is the element of domain(X)
such that
▶ f(v) = y or, equivalently, v = f−1(y)

▶ X = v is a random sample of X, chosen according to the
distribution of X.

This procedure works for a single variable. If we have multiple variables and a Bayes net to represent
the joint distribution over them, there are several algorithms
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Prior Sampling, a.k.a., Forward Sampling

To sample from a Bayes net with no associated evidence, sample each node in topological order.
▶ Sample unconditioned nodes according to their prior distributions.

▶ Samples become fixed values for sampling CPTs of child nodes.
▶ Continue sampling child nodes, in order, until all variables are sampled.

454 Chapter 13 Probabilistic Reasoning

Monte Carlo algorithms, of which simulated annealing (page 133) is an example, are used
in many branches of science to estimate quantities that are difficult to calculate exactly. In this
section, we are interested in sampling applied to the computation of posterior probabilities
in Bayes nets. We describe two families of algorithms: direct sampling and Markov chain
sampling. Several other approaches for approximate inference are mentioned in the notes at
the end of the chapter.

13.4.1 Direct sampling methods

The primitive element in any sampling algorithm is the generation of samples from a known
probability distribution. For example, an unbiased coin can be thought of as a random vari-
able Coin with values hheads, tailsi and a prior distribution P(Coin) = h0.5,0.5i. Sampling
from this distribution is exactly like flipping the coin: with probability 0.5 it will return heads,
and with probability 0.5 it will return tails. Given a source of random numbers r uniformly
distributed in the range [0,1], it is a simple matter to sample any distribution on a single
variable, whether discrete or continuous. This is done by constructing the cumulative distri-
bution for the variable and returning the first value whose cumulative probability exceeds r
(see Exercise 13.PRSA).

We begin with a random sampling process for a Bayes net that has no evidence associated
with it. The idea is to sample each variable in turn, in topological order. The probability
distribution from which the value is sampled is conditioned on the values already assigned to
the variable’s parents. (Because we sample in topological order, the parents are guaranteed
to have values already.) This algorithm is shown in Figure 13.16. Applying it to the network
in Figure 13.15(a) with the ordering Cloudy, Sprinkler, Rain, WetGrass, we might produce a
random event as follows:

1. Sample from P(Cloudy) = h0.5,0.5i, value is true.
2. Sample from P(Sprinkler |Cloudy= true) = h0.1,0.9i, value is false.
3. Sample from P(Rain |Cloudy= true) = h0.8,0.2i, value is true.
4. Sample from P(WetGrass |Sprinkler= false,Rain= true) = h0.9,0.1i, value is true.

In this case, PRIOR-SAMPLE returns the event [true, false, true, true].
It is easy to see that PRIOR-SAMPLE generates samples from the prior joint distribution

specified by the network. First, let SPS(x1, . . . ,xn) be the probability that a specific event is

function PRIOR-SAMPLE(bn) returns an event sampled from the prior specified by bn
inputs: bn, a Bayesian network specifying joint distribution P(X1, . . . ,Xn)

x an event with n elements
for each variable Xi in X1, . . . ,Xn do

x[i] a random sample from P(Xi | parents(Xi))
return x

Figure 13.16 A sampling algorithm that generates events from a Bayesian network. Each
variable is sampled according to the conditional distribution given the values already sampled
for the variable’s parents.
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Example: Generating a Sample from Sprinkler Bayes Net

1. Sample from P (Cloudy) = ⟨0.5, 0.5⟩
▶ Get value of true.

2. Sample from P (Sprinkler | c) = ⟨0.1, 0.9⟩
▶ Get value of false.

3. Sample from P (Rain | c) = ⟨0.8, 0.2⟩
▶ Get value of true.

4. Sample from P (WetGrass | ¬s, r) = ⟨0.9, 0.1⟩
▶ Get value of true.

Full sampled event: [true, false, true, true]
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Figure 13.15 (a) A multiply connected network describing Mary’s daily lawn routine: each
morning, she checks the weather; if it’s cloudy, she usually doesn’t turn on the sprinkler;
if the sprinkler is on, or if it rains during the day, the grass will be wet. Thus, Cloudy
affects WetGrass via two different causal pathways. (b) A clustered equivalent of the multiply
connected network.

ure 13.15(b). The two Boolean nodes are replaced by a meganode that takes on four possible Meganode

values: tt, t f , f t, and f f . The meganode has only one parent, the Boolean variable Cloudy,
so there are two conditioning cases. Although this example doesn’t show it, the process of
clustering often produces meganodes that share some variables.

Once the network is in polytree form, a special-purpose inference algorithm is required,
because ordinary inference methods cannot handle meganodes that share variables with each
other. Essentially, the algorithm is a form of constraint propagation (see Chapter 5) where the
constraints ensure that neighboring meganodes agree on the posterior probability of any vari-
ables that they have in common. With careful bookkeeping, this algorithm is able to compute
posterior probabilities for all the nonevidence nodes in the network in time linear in the size
of the clustered network. However, the NP-hardness of the problem has not disappeared: if a
network requires exponential time and space with variable elimination, then the CPTs in the
clustered network will necessarily be exponentially large.

13.4 Approximate Inference for Bayesian Networks

Given the intractability of exact inference in large networks, we will now consider approxi-
mate inference methods. This section describes randomized sampling algorithms, also called
Monte Carlo algorithms, that provide approximate answers whose accuracy depends on Monte Carlo

the number of samples generated. They work by generating random events based on the
probabilities in the Bayes net and counting up the different answers found in those random
events. With enough samples, we can get arbitrarily close to recovering the true probability
distribution—provided the Bayes net has no deterministic conditional distributions.
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From Sampling to Probability Estimates

A Bayes net represents a full joint distribution, so a sample generated from a Bayes net is a sample
from the prior joint distribution over all the variables. So, if SP S is a sample generated by the
PRIOR-SAMPLE algorithm, then:

SP S(x1, . . . , xn) =
n∏

i=1
Pr (xi | parents(Xi)) = P (x1, . . . , xn)

To estimate these probabilities using samples, we simply generate N samples, count the number of
events of interest among the N samples, and divide that number by N . This should converge to the
true probability:

lim
N→∞

NP S(x1, . . . , xn)
N

= SP S(x1, . . . , xn) = P (x1, . . . , xn)

From the CPTs in the Bayes net, the probability of the example event we sampled,
[true, false, true, true] is:

SP S(true, false, true, true) = 0.5 · 0.9 · 0.8 · 0.9 = 0.324.

So if we generated N = 1000 samples, we would expect to see [true, false, true, true] 324 times.
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Consistent Probability Estimates

An estimate that becomes exact in the large-sample limit is called consistent. A consistent estimate
of the probability of any partially speciified event x1, . . . , xm for x ≤ n is:

P (x1, . . . , xm) ≈ NP S(x1, . . . , xm)
N

= P̂ (x1, . . . , xm) (13.6)

That is, P̂ (x1, . . . , xm) is an approximation of P (x1, . . . , xm) that converges to the true probability
as N approaches ∞
▶ Forward sampling generates prior probabilities, that is, probabilities of events prior to observing

evidence.
▶ What we usually want is posterior probabilities, P (X | e) – probability of X given that we have

observed evidence e.
We now turn to algorithms for computing posteriors, which use prior sampling as a subroutine.
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Rejection Sampling

Rejection sampling is a general method for producing samples from a hard-to-sample distribution
given an easy-to-sample distribution. In its simplest form, it can be used to compute conditional
probabilities, that is, to determine P (X | e).

Let
▶ P̂ (X | e) be a vector of the

probabilities for each value of
x ∈ X and

▶ NP S(X, e) be a vector of sample
counts for each x ∈ X where the
sample is consistent with the
evidence e (the variable C in the
algorithm).

Then:

P̂ (X | e) = αNP S(X, e) = NP S(X, e)
NP S(e)

456 Chapter 13 Probabilistic Reasoning

function REJECTION-SAMPLING(X, e, bn, N) returns an estimate of P(X |e)
inputs: X, the query variable

e, observed values for variables E
bn, a Bayesian network
N, the total number of samples to be generated

local variables: C, a vector of counts for each value of X, initially zero

for j = 1 to N do
x PRIOR-SAMPLE(bn)
if x is consistent with e then

C[j] C[j]+1 where x j is the value of X in x
return NORMALIZE(C)

Figure 13.17 The rejection-sampling algorithm for answering queries given evidence in a
Bayesian network.

From Equation (13.7), this becomes

P̂(X |e)⇡ P(X ,e)
P(e)

= P(X |e) .

That is, rejection sampling produces a consistent estimate of the true probability.
Continuing with our example from Figure 13.15(a), let us assume that we wish to estimate

P(Rain |Sprinkler= true), using 100 samples. Of the 100 that we generate, suppose that 73
have Sprinkler= false and are rejected, while 27 have Sprinkler= true; of the 27, 8 have
Rain= true and 19 have Rain= false. Hence,

P(Rain |Sprinkler= true)⇡ NORMALIZE(h8,19i) = h0.296,0.704i .
The true answer is h0.3,0.7i. As more samples are collected, the estimate will converge to
the true answer. The standard deviation of the error in each probability will be proportional
to 1/

p
n, where n is the number of samples used in the estimate.

Now we know that rejection sampling converges to the correct answer, the next ques-
tion is, how fast does that happen? More precisely, how many samples are required before
we know that the resulting estimates are close to the correct answers with high probability?
Whereas the complexity of exact algorithms depends to a large extent on the topology of the
network—trees are easy, densely connected networks are hard—the complexity of rejection
sampling depends primarily on the fraction of samples that are accepted. This fraction is
exactly equal to the prior probability of the evidence, P(e). Unfortunately, for complex prob-
lems with many evidence variables, this fraction is vanishingly small. When applied to the
discrete version of the car insurance network in Figure 13.9, the fraction of samples consis-
tent with a typical evidence case sampled from the network itself is usually between one in a
thousand and one in ten thousand. Convergence is extremely slow (see Figure 13.19 below).

We expect the fraction of samples consistent with the evidence e to drop exponentially as
the number of evidence variables grows, so the procedure is unusable for complex problems.
It also has difficulties with continuous-valued evidence variables, because the probability of
producing a sample consistent with such evidence is zero (if it is really continuous-valued) or
infinitesimal (if it is merely a finite-precision floating-point number).
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Rejection Sampling Example

Say we use prior sampling to generate 100 samples and we
want to estimate P (Rain | Sprinkler = true).
▶ 73 samples have Sprinkler = false, so are rejected.
▶ Of the 27 accepted samples:

▶ 8 samples have Rain = true
▶ 19 samples have Rain = false.

Then:

P̂ (Rain | Sprinkler = true) = NP S(X, e)
NP S(e)

= ⟨8, 19⟩
27

= ⟨0.296, 0.704⟩

Calculating directly from the CPTs in the Bayes net would
give us ⟨0.3, 0.7⟩.
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Figure 13.15 (a) A multiply connected network describing Mary’s daily lawn routine: each
morning, she checks the weather; if it’s cloudy, she usually doesn’t turn on the sprinkler;
if the sprinkler is on, or if it rains during the day, the grass will be wet. Thus, Cloudy
affects WetGrass via two different causal pathways. (b) A clustered equivalent of the multiply
connected network.

ure 13.15(b). The two Boolean nodes are replaced by a meganode that takes on four possible Meganode

values: tt, t f , f t, and f f . The meganode has only one parent, the Boolean variable Cloudy,
so there are two conditioning cases. Although this example doesn’t show it, the process of
clustering often produces meganodes that share some variables.

Once the network is in polytree form, a special-purpose inference algorithm is required,
because ordinary inference methods cannot handle meganodes that share variables with each
other. Essentially, the algorithm is a form of constraint propagation (see Chapter 5) where the
constraints ensure that neighboring meganodes agree on the posterior probability of any vari-
ables that they have in common. With careful bookkeeping, this algorithm is able to compute
posterior probabilities for all the nonevidence nodes in the network in time linear in the size
of the clustered network. However, the NP-hardness of the problem has not disappeared: if a
network requires exponential time and space with variable elimination, then the CPTs in the
clustered network will necessarily be exponentially large.

13.4 Approximate Inference for Bayesian Networks

Given the intractability of exact inference in large networks, we will now consider approxi-
mate inference methods. This section describes randomized sampling algorithms, also called
Monte Carlo algorithms, that provide approximate answers whose accuracy depends on Monte Carlo

the number of samples generated. They work by generating random events based on the
probabilities in the Bayes net and counting up the different answers found in those random
events. With enough samples, we can get arbitrarily close to recovering the true probability
distribution—provided the Bayes net has no deterministic conditional distributions.
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Importance Sampling

The general statistical technique of importance sampling aims to emulate the effect of sampling
from a distribution P using samples from another distribution Q whose samples are easier to obtain.
We ensure that the answers are correct in the limit by applying a correction factor P (x)

Q(x) , also known
as a weight, to each sample x when counting up the samples.
Our query variable will always be one of the nonevidence variables, Z. The idea of importance
sampling is to sample from P (z | e):

P̂ (z | e) = NP (z)
N

≈ P (z | e)

but using an arbitrary distribution Q(z):

P̂ (z | e) = NQ(z)
N

P (z | e)
Q(z) ≈ Q(z)P (z | e)

Q(z) = P (z | e)

The question is: which Q to use? We want Q as close as possible to P (z | e) with Q(z) ̸= 0
whenever P (z | e) ̸= 0. The most common approach is likelihood weighting . . .
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Likelihood Weighting
Fix the values for the evidence variables E and sample all the nonevidence variables in topological
order, each conditioned on its parents – guarantees each sample consistent with evidence.
Let the sampling distribution be QW S and nonevidence variables be Z = {Z1, . . . , Zl}. Then:

QW S(z) =
l∏

i=1
P (zi | parents(Zi))

Now we need to know the weight for each sample. By general scheme for importance sampling:

w(z) = P (z | e)
QW S(z) = α

P (z, e)
QW S(z)

where the normalizing factor α = 1
P (e) is the same for all samples. Since z and e cover all the

variables in the Bayes net, P (z, e) is the product of the conditional probabilities for the nonevidence
variables times the product of the conditional probabilities for the evidence variables:

w(z) = α
P (z, e)
QW S(z) = α

∏l
i=1 P (zi | parents(Zi))

∏m
i=1 P (ei | parents(Ei))∏l

i=1 P (zi | parents(Zi))

= α

m∏
i=1

P (ei | parents(Ei)) (14.9)

The name of this method comes from the fact that probabilities of evidence are generally called
likelihoods. 12 / 26



Likelihood Weighting Algorithm
458 Chapter 13 Probabilistic Reasoning

function LIKELIHOOD-WEIGHTING(X, e, bn, N) returns an estimate of P(X |e)
inputs: X, the query variable

e, observed values for variables E
bn, a Bayesian network specifying joint distribution P(X1, . . . ,Xn)
N, the total number of samples to be generated

local variables: W, a vector of weighted counts for each value of X, initially zero

for j = 1 to N do
x, w WEIGHTED-SAMPLE(bn, e)
W[j] W[j]+w where x j is the value of X in x

return NORMALIZE(W)

function WEIGHTED-SAMPLE(bn, e) returns an event and a weight

w 1; x an event with n elements, with values fixed from e
for i = 1 to n do

if Xi is an evidence variable with value xi j in e
then w w⇥ P(Xi = xi j | parents(Xi))
else x[i] a random sample from P(Xi | parents(Xi))

return x, w

Figure 13.18 The likelihood-weighting algorithm for inference in Bayesian networks. In
WEIGHTED-SAMPLE, each nonevidence variable is sampled according to the conditional
distribution given the values already sampled for the variable’s parents, while a weight is
accumulated based on the likelihood for each evidence variable.

because each variable is sampled conditioned on its parents. In order to complete the algo-
rithm, we need to know how to compute the weight for each sample generated from QWS.
According to the general scheme for importance sampling, the weight should be

w(z) = P(z |e)/QWS(z) = ↵P(z,e)/QWS(z)
where the normalizing factor ↵=1/P(e) is the same for all samples. Now z and e together
cover all the variables in the Bayes net, so P(z,e) is just the product of all the conditional prob-
abilities (Equation (13.2) page 433); and we can write this as the product of the conditional
probabilities for the nonevidence variables times the product of the conditional probabilities
for the evidence variables:

w(z) = ↵
P(z,e)
QWS(z)

= ↵
’l

i=1 P(zi | parents(Zi)) ’m
i=1 P(ei | parents(Ei))

’l
i=1 P(zi | parents(Zi))

= ↵
m

’
i=1

P(ei | parents(Ei)) . (13.9)

Thus the weight is the product of the conditional probabilities for the evidence variables
given their parents. (Probabilities of evidence are generally called likelihoods, hence the
name.) The weight calculation is implemented incrementally in WEIGHTED-SAMPLE, mul-
tiplying by the conditional probability each time an evidence variable is encountered. The
normalization is done at the end before the query result is returned.

Let us apply the algorithm to the network shown in Figure 13.15(a), with the query
P(Rain |Cloudy= true,WetGrass= true) and the ordering Cloudy, Sprinkler, Rain, WetGrass.
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Likelihood Weighting Example
Given the query
▶ P (Rain | Cloudy = true, WetGrass = true)

and the ordering
▶ Cloudy, Sprinkler, Rain, WetGrass,

we initialize w = 1.0 and proceed as follows:
1. Cloudy is an evidence variable with value true. Therefore, we set

w ← w · P (c) = 0.5.

2. Sprinkler is not an evidence variable, so sample from
P (Sprinkler | Cloudy = true) = ⟨0.1, 0.9⟩; suppose this returns
false.

3. Rain is not an evidence variable, so sample from
P (Rain | Cloudy = true) = ⟨0.8, 0.2⟩; suppose this returns true.

4. WetGrass is an evidence variable with value true. Therefore, we
set

w ← w × P (WetGrass = true | ¬s, r) = 0.5 · 0.9 = 0.45.

Here WEIGHTED-SAMPLE returns the event [true, false, true, true]
with weight 0.45, which we tally under Rain = true.
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Figure 13.15 (a) A multiply connected network describing Mary’s daily lawn routine: each
morning, she checks the weather; if it’s cloudy, she usually doesn’t turn on the sprinkler;
if the sprinkler is on, or if it rains during the day, the grass will be wet. Thus, Cloudy
affects WetGrass via two different causal pathways. (b) A clustered equivalent of the multiply
connected network.

ure 13.15(b). The two Boolean nodes are replaced by a meganode that takes on four possible Meganode

values: tt, t f , f t, and f f . The meganode has only one parent, the Boolean variable Cloudy,
so there are two conditioning cases. Although this example doesn’t show it, the process of
clustering often produces meganodes that share some variables.

Once the network is in polytree form, a special-purpose inference algorithm is required,
because ordinary inference methods cannot handle meganodes that share variables with each
other. Essentially, the algorithm is a form of constraint propagation (see Chapter 5) where the
constraints ensure that neighboring meganodes agree on the posterior probability of any vari-
ables that they have in common. With careful bookkeeping, this algorithm is able to compute
posterior probabilities for all the nonevidence nodes in the network in time linear in the size
of the clustered network. However, the NP-hardness of the problem has not disappeared: if a
network requires exponential time and space with variable elimination, then the CPTs in the
clustered network will necessarily be exponentially large.

13.4 Approximate Inference for Bayesian Networks

Given the intractability of exact inference in large networks, we will now consider approxi-
mate inference methods. This section describes randomized sampling algorithms, also called
Monte Carlo algorithms, that provide approximate answers whose accuracy depends on Monte Carlo

the number of samples generated. They work by generating random events based on the
probabilities in the Bayes net and counting up the different answers found in those random
events. With enough samples, we can get arbitrarily close to recovering the true probability
distribution—provided the Bayes net has no deterministic conditional distributions.
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Rejection vs. Importance Sampling460 Chapter 13 Probabilistic Reasoning
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Figure 13.19 Performance of rejection sampling and likelihood weighting on the insurance
network. The x-axis shows the number of samples generated and the y-axis shows the maxi-
mum absolute error in any of the probability values for a query on PropertyCost.

The term Markov chain refers to a random process that generates a sequence of states.Markov chain

(Markov chains also figure prominently in Chapters 14 and 16; the simulated annealing algo-
rithm in Chapter 4 and the WALKSAT algorithm in Chapter 7 are also members of the MCMC
family.) We begin by describing a particular form of MCMC called Gibbs sampling, whichGibbs sampling

is especially well suited for Bayes nets. We then describe the more general Metropolis–
Hastings algorithm, which allows much greater flexibility in generating samples.Metropolis–Hastings

Gibbs sampling in Bayesian networks

The Gibbs sampling algorithm for Bayesian networks starts with an arbitrary state (with the
evidence variables fixed at their observed values) and generates a next state by randomly
sampling a value for one of the nonevidence variables Xi. Recall from page 437 that Xi is in-
dependent of all other variables given its Markov blanket (its parents, children, and children’s
other parents); therefore, Gibbs sampling for Xi means sampling conditioned on the current
values of the variables in its Markov blanket. The algorithm wanders randomly around the
state space—the space of possible complete assignments—flipping one variable at a time, but
keeping the evidence variables fixed. The complete algorithm is shown in Figure 13.20.

Consider the query P(Rain |Sprinkler= true,WetGrass= true) for the network in Fig-
ure 13.15(a). The evidence variables Sprinkler and WetGrass are fixed to their observed
values (both true), and the nonevidence variables Cloudy and Rain are initialized randomly
to, say, true and false respectively. Thus, the initial state is [true, true, false, true], where we
have marked the fixed evidence values in bold. Now the nonevidence variables Zi are sam-
pled repeatedly in some random order according to a probability distribution ⇢(i) for choosing
variables. For example:

1. Cloudy is chosen and then sampled, given the current values of its Markov blanket: in
this case, we sample from P(Cloudy |Sprinkler= true,Rain= false). Suppose the result
is Cloudy= false. Then the new current state is [false, true, false, true].
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Markov Chain Monte Carlo (MCMC) Algorithms

Instead of generating each sample from scratch, MCMC algorithms generate a sample by making a
random change to the preceding sample.
Think of an MCMC algorithm as being in a particular current state that specifies a value for every
variable and generating a next state by making random changes to the current state.
We’ll learn two MCMC algorithms:
▶ Gibbs sampling, and
▶ Metropolis-Hastings
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Gibbs Sampling and Markov Blankets

17 / 26



Conditional Independence Relations
Section 13.2 The Semantics of Bayesian Networks 437
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Figure 13.4 (a) A node X is conditionally independent of its non-descendants (e.g., the Zi js)
given its parents (the Uis shown in the lavender area). (b) A node X is conditionally indepen-
dent of all other nodes in the network given its Markov blanket (the lavender area).

For example, in Figure 13.2, the variable JohnCalls is independent of Burglary, Earthquake,
and MaryCalls given the value of Alarm. The definition is illustrated in Figure 13.4(a).

It turns out that the non-descendants property combined with interpretation of the net-
work parameters ✓(Xi |Parents(Xi)) as conditional probabilities P(Xi |Parents(Xi)) suffices to
reconstruct the full joint distribution given in Equation (13.2). In other words, one can view
the semantics of Bayes nets in a different way: instead of defining the full joint distribution as
the product of conditional distributions, the network defines a set of conditional independence
properties. The full joint distribution can be derived from those properties.

Another important independence property is implied by the non-descendants property:

a variable is conditionally independent of all other nodes in the network, given its parents,
children, and children’s parents—that is, given its Markov blanket. Markov blanket

(Exercise 13.MARB asks you to prove this.) For example, the variable Burglary is independent
of JohnCalls and MaryCalls, given Alarm and Earthquake. This property is illustrated in Fig-
ure 13.4(b). The Markov blanket property makes possible inference algorithms that use com-
pletely local and distributed stochastic sampling processes, as explained in Section 13.4.2.

The most general conditional independence question one might ask in a Bayes net is
whether a set of nodes X is conditionally independent of another set Y, given a third set Z.
This can be determined efficiently by examining the Bayes net to see whether Z d-separates D-separation

X and Y. The process works as follows:

1. Consider just the ancestral subgraph consisting of X, Y, Z, and their ancestors. Ancestral subgraph

2. Add links between any unlinked pair of nodes that share a common child; now we have
the so-called moral graph. Moral graph

3. Replace all directed links by undirected links.
4. If Z blocks all paths between X and Y in the resulting graph, then Z d-separates X and

Y. In that case, X is conditionally independent of Y, given Z. Otherwise, the original
Bayes net does not require conditional independence.

▶ (a) Each variable is conditionally independent of its non-descendants, given its parents.
▶ (b) A variable is conditionally independent of all other nodes in the network, given its parents, children,

and children’s parents – that is, given its Markov blanket.
For example, the variable Burglary is independent of JohnCalls and MaryCalls, given Alarm
and Earthquake.
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Gibbs Sampling

▶ Fix the evidence variables.
▶ Start in a arbitrary state sampled from the nonevidence variables.

▶ Each Xi is sampled from the values in its Markov blanket,
mb(Xi)

P (xi | mb(Xi)) = αP (xi | parents(Xi))
∏

Yj∈Children(Xi)

P (yi | parents(Yj))

(13.10)

▶ Wander the state space randomly, keeping the evidence variables
fixed and flipping one nonevidence variable by sampling from a
distribution calculated Equation 13.10.
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Figure 13.4 (a) A node X is conditionally independent of its non-descendants (e.g., the Zi js)
given its parents (the Uis shown in the lavender area). (b) A node X is conditionally indepen-
dent of all other nodes in the network given its Markov blanket (the lavender area).

For example, in Figure 13.2, the variable JohnCalls is independent of Burglary, Earthquake,
and MaryCalls given the value of Alarm. The definition is illustrated in Figure 13.4(a).

It turns out that the non-descendants property combined with interpretation of the net-
work parameters ✓(Xi |Parents(Xi)) as conditional probabilities P(Xi |Parents(Xi)) suffices to
reconstruct the full joint distribution given in Equation (13.2). In other words, one can view
the semantics of Bayes nets in a different way: instead of defining the full joint distribution as
the product of conditional distributions, the network defines a set of conditional independence
properties. The full joint distribution can be derived from those properties.

Another important independence property is implied by the non-descendants property:

a variable is conditionally independent of all other nodes in the network, given its parents,
children, and children’s parents—that is, given its Markov blanket. Markov blanket

(Exercise 13.MARB asks you to prove this.) For example, the variable Burglary is independent
of JohnCalls and MaryCalls, given Alarm and Earthquake. This property is illustrated in Fig-
ure 13.4(b). The Markov blanket property makes possible inference algorithms that use com-
pletely local and distributed stochastic sampling processes, as explained in Section 13.4.2.

The most general conditional independence question one might ask in a Bayes net is
whether a set of nodes X is conditionally independent of another set Y, given a third set Z.
This can be determined efficiently by examining the Bayes net to see whether Z d-separates D-separation

X and Y. The process works as follows:

1. Consider just the ancestral subgraph consisting of X, Y, Z, and their ancestors. Ancestral subgraph

2. Add links between any unlinked pair of nodes that share a common child; now we have
the so-called moral graph. Moral graph

3. Replace all directed links by undirected links.
4. If Z blocks all paths between X and Y in the resulting graph, then Z d-separates X and

Y. In that case, X is conditionally independent of Y, given Z. Otherwise, the original
Bayes net does not require conditional independence.

Gibbs sampling for Xi means sampling conditioned on the current values of the variables in its
Markov blanket.
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Gibbs Sampling Example: Step 1
Consider the query P (Rain | Sprinkler = true, WetGrass = true).
▶ Evidence variables Sprinkler and WetGrass fixed to observed

values (true), nonevidence variables Cloudy and Rain initialized
randomly to, say, true and false respectively.
▶ Initial state is [true, true, false, true]. Fixed evidence variables

marked in bold.
Now the nonevidence variables Zi are sampled repeatedly in some
random order according to a probability distribution ρ(i) for choosing
variables. For example:

Section 13.4 Approximate Inference for Bayesian Networks 453
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Figure 13.15 (a) A multiply connected network describing Mary’s daily lawn routine: each
morning, she checks the weather; if it’s cloudy, she usually doesn’t turn on the sprinkler;
if the sprinkler is on, or if it rains during the day, the grass will be wet. Thus, Cloudy
affects WetGrass via two different causal pathways. (b) A clustered equivalent of the multiply
connected network.

ure 13.15(b). The two Boolean nodes are replaced by a meganode that takes on four possible Meganode

values: tt, t f , f t, and f f . The meganode has only one parent, the Boolean variable Cloudy,
so there are two conditioning cases. Although this example doesn’t show it, the process of
clustering often produces meganodes that share some variables.

Once the network is in polytree form, a special-purpose inference algorithm is required,
because ordinary inference methods cannot handle meganodes that share variables with each
other. Essentially, the algorithm is a form of constraint propagation (see Chapter 5) where the
constraints ensure that neighboring meganodes agree on the posterior probability of any vari-
ables that they have in common. With careful bookkeeping, this algorithm is able to compute
posterior probabilities for all the nonevidence nodes in the network in time linear in the size
of the clustered network. However, the NP-hardness of the problem has not disappeared: if a
network requires exponential time and space with variable elimination, then the CPTs in the
clustered network will necessarily be exponentially large.

13.4 Approximate Inference for Bayesian Networks

Given the intractability of exact inference in large networks, we will now consider approxi-
mate inference methods. This section describes randomized sampling algorithms, also called
Monte Carlo algorithms, that provide approximate answers whose accuracy depends on Monte Carlo

the number of samples generated. They work by generating random events based on the
probabilities in the Bayes net and counting up the different answers found in those random
events. With enough samples, we can get arbitrarily close to recovering the true probability
distribution—provided the Bayes net has no deterministic conditional distributions.

1. Cloudy is chosen and then sampled, given the current values of its Markov blanket: in this case,
we sample from P (Cloudy|Sprinkler = true, Rain = false) whose distribution is calculated
using Equation 13.10:

P (xi | mb(Xi)) = αP (xi | parents(Xi))
∏

Yj∈Children(Xi)

P (yi | parents(Yj)) (13.10)

P (c | s,¬r) = αP (c)P (s | c)P (¬r | c) = α0.5 · 0.1 · 0.2
P (¬c | s,¬r) = αP (¬c)P (s | ¬c)P (¬r | ¬c) = α0.5 · 0.5 · 0.8

yielding α⟨0.001, 0.020⟩ ≈ ⟨0.048, 0.952⟩
▶ Suppose the result is Cloudy = false. Then the new current state is [false, true, false, true].
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Gibbs Sampling Example: Step 2

2. Sampling ρ(i) then chooses Rain as next variable. We
sample from P (Rain | Cloudy = false, Sprinkler =
true, WetGrass = true) using Equation 13.10 (just
like Step 1, not shown here).

▶ Suppose this yields Rain = true. The new current
state is [false, true, true, true].

Figure on the right shows the complete Markov chain for the
case where variables are chosen uniformly, i.e.,
ρ(Cloudy) = ρ(Rain) = 0.5.
▶ The algorithm wanders around in this graph, following

links with stated probabilities.
▶ Each state visited during this process is a sample that

contributes to the estimate for the query variable Rain.
- If the process visits 20 states where Rain is true and
60 states where Rain is false, then the answer to the
query is NORMALIZE(⟨20, 60⟩) = ⟨0.25, 0.75⟩.
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Figure 13.21 (a) The states and transition probabilities of the Markov chain for the query
P(Rain |Sprinkler= true,WetGrass= true). Note the self-loops: the state stays the same
when either variable is chosen and then resamples the same value it already has. (b) The
transition probabilities when the CPT for Rain constrains it to have the same value as Cloudy.

We begin with some of the basic concepts for analyzing Markov chains in general. Any
such chain is defined by its initial state and its transition kernel k(x! x0)—the probabilityTransition kernel

of a transition to state x0 starting from state x. Now suppose that we run the Markov chain
for t steps, and let ⇡t(x) be the probability that the system is in state x at time t. Similarly,
let ⇡t+1(x0) be the probability of being in state x0 at time t +1. Given ⇡t(x), we can calculate
⇡t+1(x0) by summing, for all states x the system could be in at time t, the probability of being
in x times the probability of making the transition to x0:

⇡t+1(x0) = Â
x
⇡t(x)k(x! x0) .

We say that the chain has reached its stationary distribution if ⇡t =⇡t+1. Let us call thisStationary
distribution

stationary distribution ⇡; its defining equation is therefore

⇡(x0) = Â
x
⇡(x)k(x! x0) for all x0 . (13.11)

Provided the transition kernel k is ergodic—that is, every state is reachable from every otherErgodic

and there are no strictly periodic cycles—there is exactly one distribution ⇡ satisfying this
equation for any given k.

Equation (13.11) can be read as saying that the expected “outflow” from each state (i.e.,
its current “population”) is equal to the expected “inflow” from all the states. One obvious
way to satisfy this relationship is if the expected flow between any pair of states is the same
in both directions; that is,

⇡(x)k(x! x0) = ⇡(x0)k(x0 ! x) for all x, x0 . (13.12)

When these equations hold, we say that k(x! x0) is in detailed balance with ⇡(x). OneDetailed balance

special case is the self-loop x = x0, i.e., a transition from a state to itself. In that case, the
detailed balance condition becomes ⇡(x)k(x! x)=⇡(x)k(x! x) which is of course trivially
true for any stationary distribution ⇡ and any transition kernel k.
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Gibbs Sampling Algorithm
Section 13.4 Approximate Inference for Bayesian Networks 461

function GIBBS-ASK(X, e, bn, N) returns an estimate of P(X |e)
local variables: C, a vector of counts for each value of X, initially zero

Z, the nonevidence variables in bn
x, the current state of the network, initialized from e

initialize x with random values for the variables in Z
for k = 1 to N do

choose any variable Zi from Z according to any distribution ⇢(i)
set the value of Zi in x by sampling from P(Zi |mb(Zi))
C[j] C[j]+1 where x j is the value of X in x

return NORMALIZE(C)

Figure 13.20 The Gibbs sampling algorithm for approximate inference in Bayes nets; this
version chooses variables at random, but cycling through the variables but also works.

2. Rain is chosen and then sampled, given the current values of its Markov blanket: in
this case, we sample from P(Rain |Cloudy= false,Sprinkler= true,WetGrass= true).
Suppose this yields Rain= true. The new current state is [false, true, true, true].

The one remaining detail concerns the method of calculating the Markov blanket distribu-
tion P(Xi |mb(Xi)), where mb(Xi) denotes the values of the variables in Xi’s Markov blan-
ket, MB(Xi). Fortunately, this does not involve any complex inference. As shown in Exer-
cise 13.MARB, the distribution is given by

P(xi |mb(Xi)) = ↵P(xi | parents(Xi)) ’
Yj2Children(Xi)

P(y j | parents(Yj)) . (13.10)

In other words, for each value xi, the probability is given by multiplying probabilities from the
CPTs of Xi and its children. For example, in the first sampling step shown above, we sampled
from P(Cloudy |Sprinkler= true,Rain= false). By Equation (13.10), and abbreviating the
variable names, we have

P(c |s,¬r) = ↵P(c)P(s |c)P(¬r |c) = ↵0.5 ·0.1 ·0.2

P(¬c |s,¬r) = ↵P(¬c)P(s |¬c)P(¬r |¬c) = ↵0.5 ·0.5 ·0.8 ,

so the sampling distribution is ↵h0.001,0.020i ⇡ h0.048,0.952i.
Figure 13.21(a) shows the complete Markov chain for the case where variables are chosen

uniformly, i.e., ⇢(Cloudy)=⇢(Rain)=0.5. The algorithm is simply wandering around in this
graph, following links with the stated probabilities. Each state visited during this process is
a sample that contributes to the estimate for the query variable Rain. If the process visits 20
states where Rain is true and 60 states where Rain is false, then the answer to the query is
NORMALIZE(h20,60i) = h0.25,0.75i.

Analysis of Markov chains

We have said that Gibbs sampling works by wandering randomly around the state space to
generate samples. To explain why Gibbs sampling works correctly—that is, why its estimates
converge to correct values in the limit—we will need some careful analysis. (This section is
somewhat mathematical and can be skipped on first reading.)
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Gibbs Sampling vs. Importance Sampling

Performance of Gibbs sampling compared to likelihood weighting on the car insurance network.
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Figure 13.22 Performance of Gibbs sampling compared to likelihood weighting on the car
insurance network: (a) for the standard query on PropertyCost, and (b) for the case where
the output variables are observed and Age is the query variable.

the CPTs do not contain probabilities of 0 or 1. Reachability comes from the fact that we can
convert one state into another by changing one variable at a time, and the absence of periodic
cycles comes from the fact that every state has a self-loop with nonzero probability. Hence,
under the stated conditions, k is ergodic, which means that the samples generated by Gibbs
sampling will eventually be drawn from the true posterior distribution.

Complexity of Gibbs sampling

First, the good news: each Gibbs sampling step involves calculating the Markov blanket dis-
tribution for the chosen variable Xi, which requires a number of multiplications proportional
to the number of Xi’s children and the size of Xi’s range. This is important because it means
that the work required to generate each sample is independent of the size of the network.I

Now, the not necessarily bad news: the complexity of Gibbs sampling is much harder
to analyze than that of rejection sampling and likelihood weighting. The first thing to notice
is that Gibbs sampling, unlike likelihood weighting, does pay attention to downstream evi-
dence. Information propagates from evidence nodes in all directions: first, any neighbors of
the evidence nodes sample values that reflect the evidence in those nodes; then their neigh-
bors, and so on. Thus, we expect Gibbs sampling to outperform likelihood weighting when
evidence is mostly downstream; and indeed, this is borne out in Figure 13.22.

The rate of convergence for Gibbs sampling—the mixing rate of the Markov chain de-Mixing rate

fined by the algorithm—depends strongly on the quantitative properties of the conditional
distributions in the network. To see this, consider what happens in Figure 13.15(a) as the
CPT for Rain becomes deterministic: it rains if and only if it is cloudy. In that case, the true
posterior distribution for the query P(Rain |sprinkler,wetGrass) is roughly h0.18,0.82i but
Gibbs sampling will never reach this value. The problem is that the only two joint states
for Cloudy and Rain that have non-zero probability are [true, true] and [false, false]. Starting
in [true, true], the chain can never reach [false, false] because transitions to the intermediate
states have probability zero (see Figure 13.21(b)). So, if the process starts in [true, true] it

▶ (a) for the standard query on P ropertyCost, and
▶ (b) for the case where the output variables are observed and Age is the query variable.

Gibbs sampling typically outperforms likelihood weighting when evidence is mostly downstream.
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Markov Chains
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Figure 13.21 (a) The states and transition probabilities of the Markov chain for the query
P(Rain |Sprinkler= true,WetGrass= true). Note the self-loops: the state stays the same
when either variable is chosen and then resamples the same value it already has. (b) The
transition probabilities when the CPT for Rain constrains it to have the same value as Cloudy.

We begin with some of the basic concepts for analyzing Markov chains in general. Any
such chain is defined by its initial state and its transition kernel k(x! x0)—the probabilityTransition kernel

of a transition to state x0 starting from state x. Now suppose that we run the Markov chain
for t steps, and let ⇡t(x) be the probability that the system is in state x at time t. Similarly,
let ⇡t+1(x0) be the probability of being in state x0 at time t +1. Given ⇡t(x), we can calculate
⇡t+1(x0) by summing, for all states x the system could be in at time t, the probability of being
in x times the probability of making the transition to x0:

⇡t+1(x0) = Â
x
⇡t(x)k(x! x0) .

We say that the chain has reached its stationary distribution if ⇡t =⇡t+1. Let us call thisStationary
distribution

stationary distribution ⇡; its defining equation is therefore

⇡(x0) = Â
x
⇡(x)k(x! x0) for all x0 . (13.11)

Provided the transition kernel k is ergodic—that is, every state is reachable from every otherErgodic

and there are no strictly periodic cycles—there is exactly one distribution ⇡ satisfying this
equation for any given k.

Equation (13.11) can be read as saying that the expected “outflow” from each state (i.e.,
its current “population”) is equal to the expected “inflow” from all the states. One obvious
way to satisfy this relationship is if the expected flow between any pair of states is the same
in both directions; that is,

⇡(x)k(x! x0) = ⇡(x0)k(x0 ! x) for all x, x0 . (13.12)

When these equations hold, we say that k(x! x0) is in detailed balance with ⇡(x). OneDetailed balance

special case is the self-loop x = x0, i.e., a transition from a state to itself. In that case, the
detailed balance condition becomes ⇡(x)k(x! x)=⇡(x)k(x! x) which is of course trivially
true for any stationary distribution ⇡ and any transition kernel k.

▶ (a) The states and transition probabilities of the Markov chain for the query
P (Rain|Sprinkler = true, W etGrass = true). Note the self-loops: the state stays the same
when either variable is chosen and then resamples the same value it already has.

▶ (b) The transition probabilities when the CPT for Rain constrains it to have the same value as
Cloudy.
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Metropolis
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Metropolis-Hastings Sampling

Like simulated annealing, MH has two stages in each iteration of the sampling process:
1. Sample a new state x′ from a proposal distribution q(x′|x), given the current state x.
2. Probabilistically accept or reject x′ according to the acceptance probability

a(x′|x) = min
(

1,
π(x′)q(x|x′)
π(x)q(x′|x)

)
If the proposal is rejected, the state remains at x.
q(x′|x) could be defined as follows:
▶ With probability 0.95, perform a Gibbs sampling step to generate x′.
▶ Otherwise, generate x′ by running WEIGHTED-SAMPLE using likelihood weighting.

This has the effect of getting MH “unstuck.”

26 / 26


