
MDPs Study Guide (AIMA 17)

 Artificial Intelligence

1 Markov Decision Processes

1. What are the components of a Markov Decision Process?

Solution: A Markov decision process (MDP) is a 4-tuple (S,A, Pr(s′ | s, a), R(s)), where

• S is a set of states,

• A, or Action(s) is a set of actions, and

• Pr(s′ | s, a) is a transition function giving the probability that executing action a in state s
will result in s′. Many authors use T (s, a, s′)

• R(s, a, s′) is the reward the world provides to an agent for arriving in state s′ after executing 
action a in state s, bounded by ±Rmax. Many authors use R(s′), which is easier to think 
about – the reward for arriving in state s′ regardless of the s, a pair in the previous time step.

Some definitions of MDPs include an initialization function, I(s), which specifies the probability the 
the agent will start in some state s ∈ S, others specify a particular state s0 from S as the start 
state.

2. What is the role of γ in the calculation of infinite horizon returns, Gt =
∑︁∞

k=0 γ
krt+k+1?

Solution: To discount the value of future rewards.
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2 Policies

1. In the context of Markov Decision Processes, what is a policy?

Solution: A policy is a function that returns a recommended action for every state, denoted π(s).

2. In the context of Markov Decision Processes, what is a stochastic policy?

Solution: A stochastic policy is a probability distribution over actions conditioned on the state, 
π(a | s).

3. How many optimal policies are there in an MDP?

Solution: At least one

4. Given the following optimal state values:
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0.8516 0.9078 0.9578

0.8016 0.7003

0.7453 0.6953 0.6514 0.4279

Figure 16.3 The utilities of the states in the 4⇥3 world with �=1 and r= �0.04 for tran-
sitions to nonterminal states.

The utility function U(s) allows the agent to select actions by using the principle of
maximum expected utility from Chapter 15—that is, choose the action that maximizes the
reward for the next step plus the expected discounted utility of the subsequent state:

⇡⇤(s) = argmax
a2A(s)

Â
s0

P(s0 |s,a)[R(s,a,s0)+�U(s0)] . (16.4)

We have defined the utility of a state, U(s), as the expected sum of discounted rewards from
that point onwards. From this, it follows that there is a direct relationship between the utility
of a state and the utility of its neighbors: the utility of a state is the expected reward for theI
next transition plus the discounted utility of the next state, assuming that the agent chooses
the optimal action. That is, the utility of a state is given by

U(s) = max
a2A(s)

Â
s0

P(s0 |s,a)[R(s,a,s0)+�U(s0)] . (16.5)

This is called the Bellman equation, after Richard Bellman (1957). The utilities of theBellman equation

states—defined by Equation (16.2) as the expected utility of subsequent state sequences—are
solutions of the set of Bellman equations. In fact, they are the unique solutions, as we show
in Section 16.2.1.

Let us look at one of the Bellman equations for the 4⇥3 world. The expression for
U(1,1) is

max{ [0.8(�0.04+�U(1,2))+0.1(�0.04+�U(2,1))+0.1(�0.04+�U(1,1))],
[0.9(�0.04+�U(1,1))+0.1(�0.04+�U(1,2))],
[0.9(�0.04+�U(1,1))+0.1(�0.04+�U(2,1))],
[0.8(�0.04+�U(2,1))+0.1(�0.04+�U(1,2))+0.1(�0.04+�U(1,1))]}

where the four expressions correspond to Up, Left, Down and Right moves. When we plug in
the numbers from Figure 16.3, with �=1, we find that Up is the best action.

Another important quantity is the action-utility function, or Q-function: Q(s,a) is theQ-function

expected utility of taking a given action in a given state. The Q-function is related to utilities
in the obvious way:

U(s) = max
a

Q(s,a) . (16.6)

What is the deterministic optimal policy, π(s)?
π((1, 3)) = Right π((2, 3)) = Right π((3, 3)) = Right π((4, 3)) = Noop
π((1, 2)) = Up π((3, 2)) = Up π((4, 2)) = Noop
π((1, 1)) = Up π((2, 1)) = Left π((3, 1)) = Up π((4, 1)) = Left
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