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function UNIFY(x, y, ✓=empty) returns a substitution to make x and y identical, or failure
if ✓ = failure then return failure
else if x = y then return ✓
else if VARIABLE?(x) then return UNIFY-VAR(x, y, ✓)
else if VARIABLE?(y) then return UNIFY-VAR(y, x, ✓)
else if COMPOUND?(x) and COMPOUND?(y) then

return UNIFY(ARGS(x), ARGS(y), UNIFY(OP(x), OP(y), ✓))
else if LIST?(x) and LIST?(y) then

return UNIFY(REST(x), REST(y), UNIFY(FIRST(x), FIRST(y), ✓))
else return failure

function UNIFY-VAR(var, x, ✓) returns a substitution
if {var/val} 2 ✓ for some val then return UNIFY(val, x, ✓)
else if {x/val} 2 ✓ for some val then return UNIFY(var, val, ✓)
else if OCCUR-CHECK?(var, x) then return failure
else return add {var/x} to ✓

Figure 9.1 The unification algorithm. The arguments x and y can be any expression: a
constant or variable, or a compound expression such as a complex sentence or term, or a
list of expressions. The argument ✓ is a substitution, initially the empty substitution, but
with {var/val} pairs added to it as we recurse through the inputs, comparing the expressions
element by element. In a compound expression such as F(A,B), OP(x) field picks out the
function symbol F and ARGS(x) field picks out the argument list (A,B).

Knows facts in one bucket and all the Brother facts in another. The buckets can be stored in a
hash table for efficient access.

Predicate indexing is useful when there are many predicate symbols but only a few
clauses for each symbol. Sometimes, however, a predicate has many clauses. For example,
suppose that the tax authorities want to keep track of who employs whom, using a predi-
cate Employs(x,y). This would be a very large bucket with perhaps millions of employers
and tens of millions of employees. Answering a query such as Employs(x,Richard) with
predicate indexing would require scanning the entire bucket.

For this particular query, it would help if facts were indexed both by predicate and by
second argument, perhaps using a combined hash table key. Then we could simply construct
the key from the query and retrieve exactly those facts that unify with the query. For other
queries, such as Employs(IBM,y), we would need to have indexed the facts by combining the
predicate with the first argument. Therefore, facts can be stored under multiple index keys,
rendering them instantly accessible to various queries that they might unify with.

Given a sentence to be stored, it is possible to construct indices for all possible queries
that unify with it. For the fact Employs(IBM,Richard), the queries are

Employs(IBM,Richard) Does IBM employ Richard?
Employs(x,Richard) Who employs Richard?
Employs(IBM,y) Whom does IBM employ?
Employs(x,y) Who employs whom?

These queries form a subsumption lattice, as shown in Figure 9.2(a). The lattice has some Subsumption lattice
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Employs(x,y)

Employs(x,Richard) Employs(IBM,y)

Employs(IBM,Richard)

Employs(x,y)

Employs(John,John)

Employs(x,x)Employs(x,John) Employs(John,y)

(a) (b)

Figure 9.2 (a) The subsumption lattice whose lowest node is Employs(IBM,Richard). (b)
The subsumption lattice for the sentence Employs(John,John).

interesting properties. The child of any node in the lattice is obtained from its parent by a
single substitution; and the “highest” common descendant of any two nodes is the result of
applying their most general unifier. A sentence with repeated constants has a slightly different
lattice, as shown in Figure 9.2(b). Although function symbols are not shown in the figure,
they too can be incorporated into the lattice structure.

For predicates with a small number of arguments, it is a good tradeoff to create an index
for every point in the subsumption lattice. That requires a little more work at storage time,
but speeds up retrieval time. However, for a predicate with n arguments, the lattice contains
O(2n) nodes. If function symbols are allowed, the number of nodes is also exponential in the
size of the terms in the sentence to be stored. This can lead to a huge number of indices.

We have to somehow limit the indices to ones that are likely to be used frequently in
queries; otherwise we will waste more time in creating the indices than we save by having
them. We could adopt a fixed policy, such as maintaining indices only on keys composed of
a predicate plus a single argument. Or we could learn an adaptive policy that creates indices
to meet the demands of the kinds of queries being asked. For commercial databases where
facts number in the billions, the problem has been the subject of intensive study, technology
development, and continual optimization.

9.3 Forward Chaining

In Section 7.5 we showed a forward-chaining algorithm for knowledge bases of propositional
definite clauses. Here we expand that idea to cover first-order definite clauses.

Of course there are some logical sentences that cannot be stated as a definite clause, and
thus cannot be handled by this approach. But rules of the form Antecedent ) Consequent
are sufficient to cover a wide variety of interesting real-world systems.

9.3.1 First-order definite clauses

First-order definite clauses are disjunctions of literals of which exactly one is positive. That
means a definite clause is either atomic, or is an implication whose antecedent is a conjunction
of positive literals and whose consequent is a single positive literal. Existential quantifiers are
not allowed, and universal quantifiers are left implicit: if you see an x in a definite clause, that
means there is an implicit 8x quantifier. A typical first-order definite clause looks like this:

King(x)^Greedy(x) ) Evil(x) ,

but the literals King(John) and Greedy(y) also count as definite clauses. First-order liter-
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function FOL-FC-ASK(KB,↵) returns a substitution or false
inputs: KB, the knowledge base, a set of first-order definite clauses

↵, the query, an atomic sentence

while true do
new {} // The set of new sentences inferred on each iteration
for each rule in KB do

(p1^ . . .^ pn ) q) STANDARDIZE-VARIABLES(rule)
for each ✓ such that SUBST(✓, p1 ^ . . . ^ pn) = SUBST(✓, p01 ^ . . . ^ p0n)

for some p01, . . . ,p
0
n in KB

q0 SUBST(✓, q)
if q0 does not unify with some sentence already in KB or new then

add q0 to new
� UNIFY(q0,↵)
if � is not failure then return �

if new = {} then return false
add new to KB

Figure 9.3 A conceptually straightforward, but inefficient, forward-chaining algorithm. On
each iteration, it adds to KB all the atomic sentences that can be inferred in one step
from the implication sentences and the atomic sentences already in KB. The function
STANDARDIZE-VARIABLES replaces all variables in its arguments with new ones that have
not been used before.

• On the first iteration, rule (9.3) has unsatisfied premises.
Rule (9.6) is satisfied with {x/M1}, and Sells(West,M1,Nono) is added.
Rule (9.7) is satisfied with {x/M1}, and Weapon(M1) is added.
Rule (9.8) is satisfied with {x/Nono}, and Hostile(Nono) is added.

• On the second iteration, rule (9.3) is satisfied with {x/West,y/M1,z/Nono}, and the
inference Criminal(West) is added.

Figure 9.4 shows the proof tree that is generated. Notice that no new inferences are possible
at this point because every sentence that could be concluded by forward chaining is already
contained explicitly in the KB. Such a knowledge base is called a fixed point of the inference
process. Fixed points reached by forward chaining with first-order definite clauses are similar
to those for propositional forward chaining (page 249); the principal difference is that a first-
order fixed point can include universally quantified atomic sentences.

FOL-FC-ASK is easy to analyze. First, it is sound, because every inference is just an
application of Generalized Modus Ponens, which is sound. Second, it is complete for definite
clause knowledge bases; that is, it answers every query whose answers are entailed by any
knowledge base of definite clauses.

For Datalog knowledge bases, which contain no function symbols, the proof of com-
pleteness is fairly easy. We begin by counting the number of possible facts that can be added,
which determines the maximum number of iterations. Let k be the maximum arity (number
of arguments) of any predicate, p be the number of predicates, and n be the number of con-
stant symbols. Clearly, there can be no more than pnk distinct ground facts, so after this many
iterations the algorithm must have reached a fixed point. Then we can make an argument very
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Hostile(Nono)

Enemy(Nono,America)Owns(Nono,M1)Missile(M1)American(West)

Weapon(M1)

Criminal(West)

Sells(West,M1,Nono)

Figure 9.4 The proof tree generated by forward chaining on the crime example. The initial
facts appear at the bottom level, facts inferred on the first iteration in the middle level, and
facts inferred on the second iteration at the top level.

similar to the proof of completeness for propositional forward chaining. (See page 249.) The
details of how to make the transition from propositional to first-order completeness are given
for the resolution algorithm in Section 9.5.

For general definite clauses with function symbols, FOL-FC-ASK can generate infinitely
many new facts, so we need to be more careful. For the case in which an answer to the query
sentence q is entailed, we must appeal to Herbrand’s theorem (page 300) to establish that the
algorithm will find a proof. (See Section 9.5 for the resolution case.) If the query has no
answer, the algorithm could fail to terminate in some cases. For example, if the knowledge
base includes the Peano axioms

NatNum(0)
8n NatNum(n) ) NatNum(S(n)) ,

then forward chaining adds NatNum(S(0)), NatNum(S(S(0))), NatNum(S(S(S(0)))), and so
on. This problem is unavoidable in general. As with general first-order logic, entailment with
definite clauses is semidecidable.

9.3.3 E�cient forward chaining

The forward-chaining algorithm in Figure 9.3 is designed for ease of understanding, not effi-
ciency. There are three sources of inefficiency. First, the inner loop of the algorithm tries to
match every rule against every fact in the knowledge base. Second, the algorithm rechecks
every rule on every iteration, even if very few additions have been made to the knowledge
base. Third, the algorithm can generate many facts that are irrelevant to the goal. We address
each of these issues in turn.

Matching rules against known facts

The problem of matching the premise of a rule against the facts in the knowledge base might
seem simple enough. For example, suppose we want to apply the rule

Missile(x))Weapon(x) .

Then we need to find all the facts that unify with Missile(x); in a suitably indexed knowledge
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Diff (wa,nt)^Diff (wa,sa)^
Diff (nt,q)^Diff (nt,sa)^
Diff (q,nsw)^Diff (q,sa)^
Diff (nsw,v)^Diff (nsw,sa)^
Diff (v,sa) ) Colorable()

Diff (Red,Blue) Diff (Red,Green)

Diff (Green,Red) Diff (Green,Blue)

Diff (Blue,Red) Diff (Blue,Green)

(a) (b)

Figure 9.5 (a) Constraint graph for coloring the map of Australia. (b) The map-coloring
CSP expressed as a single definite clause. Each map region is represented as a variable
whose value can be one of the constants Red, Green, or Blue (which are declared Diff ).

base, this can be done in constant time per fact. Now consider a rule such as

Missile(x)^Owns(Nono,x) ) Sells(West,x,Nono) .

Again, we can find all the objects owned by Nono in constant time per object; then, for each
object, we could check whether it is a missile. However, if the knowledge base contains
many objects owned by Nono and very few missiles, then it would be better to find all the
missiles first and then check whether they are owned by Nono. This is the conjunct orderingConjunct ordering

problem: find an ordering to solve the conjuncts of the rule premise so that the total cost is
minimized. It turns out that finding the optimal ordering is NP-hard, but good heuristics are
available. For example, the minimum-remaining-values (MRV) heuristic used for CSPs in
Chapter 5 would suggest ordering the conjuncts to look for missiles first if there are fewer
missiles than there are objects owned by Nono.

The connection between this pattern matching and constraint satisfaction is actuallyPattern matching

very close. We can view each conjunct as a constraint on the variables that it contains—for
example, Missile(x) is a unary constraint on x. Extending this idea, we can express everyI
finite-domain CSP as a single definite clause together with some associated ground facts.
Consider the map-coloring problem from Figure 5.1, shown again in Figure 9.5(a). An equiv-
alent formulation as a single definite clause is given in Figure 9.5(b). Clearly, the conclusion
Colorable() can be inferred only if the CSP has a solution. Because CSPs in general include
3-SAT problems as special cases, we can conclude that matching a definite clause against aI
set of facts is NP-hard.

It might seem rather depressing that forward chaining has an NP-hard matching problem
in its inner loop. There are three ways to cheer ourselves up:

• We can remind ourselves that most rules in real-world knowledge bases are small and
simple (like the rules in our crime example) rather than large and complex (like the
CSP formulation in Figure 9.5). It is common in the database world to assume that
both the sizes of rules and the arities of predicates are bounded by a constant and to
worry only about data complexity—that is, the complexity of inference as a functionData complexity
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The fact Magic(West) is also added to the KB. In this way, even if the knowledge base con-
tains facts about millions of Americans, only Colonel West will be considered during the
forward inference process. The complete process for defining magic sets and rewriting the
knowledge base is too complex to go into here, but the basic idea is to perform a sort of
“generic” backward inference from the goal in order to work out which variable bindings
need to be constrained. The magic sets approach can therefore be thought of as a kind of
hybrid between forward inference and backward preprocessing.

9.4 Backward Chaining

The second major family of logical inference algorithms uses backward chaining over def-
inite clauses. These algorithms work backward from the goal, chaining through rules to find
known facts that support the proof.

9.4.1 A backward-chaining algorithm

Figure 9.6 shows a backward-chaining algorithm for definite clauses. FOL-BC-ASK(KB,
goal) will be proved if the knowledge base contains a rule of the form lhs) goal, where lhs
(left-hand side) is a list of conjuncts. An atomic fact like American(West) is considered as
a clause whose lhs is the empty list. Now a query that contains variables might be proved
in multiple ways. For example, the query Person(x) could be proved with the substitution
{x/John} as well as with {x/Richard}. So we implement FOL-BC-ASK as a generator—a
function that returns multiple times, each time giving one possible result (see Appendix B).

Backward chaining is a kind of AND/OR search—the OR part because the goal query can
be proved by any rule in the knowledge base, and the AND part because all the conjuncts in
the lhs of a clause must be proved. FOL-BC-OR works by fetching all clauses that might

function FOL-BC-ASK(KB, query) returns a generator of substitutions
return FOL-BC-OR(KB, query, {})

function FOL-BC-OR(KB, goal, ✓) returns a substitution
for each rule in FETCH-RULES-FOR-GOAL(KB, goal) do

(lhs ) rhs) STANDARDIZE-VARIABLES(rule)
for each ✓0 in FOL-BC-AND(KB, lhs, UNIFY(rhs, goal, ✓)) do

yield ✓0

function FOL-BC-AND(KB, goals, ✓) returns a substitution
if ✓ = failure then return
else if LENGTH(goals) = 0 then yield ✓
else

first,rest FIRST(goals), REST(goals)
for each ✓0 in FOL-BC-OR(KB, SUBST(✓, first), ✓) do

for each ✓00 in FOL-BC-AND(KB, rest, ✓0) do
yield ✓00

Figure 9.6 A simple backward-chaining algorithm for first-order knowledge bases.
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Hostile(Nono)

Enemy(Nono,America)Owns(Nono,M1)Missile(M1)

Criminal(West)

Missile(y)

Weapon(y) Sells(West,M1,z)American(West)

{y/M1} { }{ }{ }

{z/Nono}{ }

Figure 9.7 Proof tree constructed by backward chaining to prove that West is a criminal.
The tree should be read depth first, left to right. To prove Criminal(West), we have to prove
the four conjuncts below it. Some of these are in the knowledge base, and others require
further backward chaining. Bindings for each successful unification are shown next to the
corresponding subgoal. Note that once one subgoal in a conjunction succeeds, its substitution
is applied to subsequent subgoals. Thus, by the time FOL-BC-ASK gets to the last conjunct,
originally Hostile(z), z is already bound to Nono.

unify with the goal, standardizing the variables in the clause to be brand-new variables, and
then, if the rhs of the clause does indeed unify with the goal, proving every conjunct in the lhs,
using FOL-BC-AND. That function works by proving each of the conjuncts in turn, keeping
track of the accumulated substitution as it goes. Figure 9.7 is the proof tree for deriving
Criminal(West) from sentences (9.3) through (9.10).

Backward chaining, as we have written it, is clearly a depth-first search algorithm. This
means that its space requirements are linear in the size of the proof. It also means that back-
ward chaining (unlike forward chaining) suffers from problems with repeated states and in-
completeness. Despite these limitations, backward chaining has proven to be popular and
effective in logic programming languages.

9.4.2 Logic programming

Logic programming is a technology that comes close to embodying the declarative ideal
described in Chapter 7: that systems should be constructed by expressing knowledge in a
formal language and that problems should be solved by running inference processes on that
knowledge. The ideal is summed up in Robert Kowalski’s equation,

Algorithm = Logic+Control .

Prolog is the most widely used logic programming language. It is used primarily as a rapid-Prolog

prototyping language and for symbol-manipulation tasks such as writing compilers (Van Roy,
1990) and parsing natural language (Pereira and Warren, 1980). Many expert systems have
been written in Prolog for legal, medical, financial, and other domains.

Prolog programs are sets of definite clauses written in a notation somewhat different
from standard first-order logic. Prolog uses uppercase letters for variables and lowercase for
constants—the opposite of our convention for logic. Commas separate conjuncts in a clause,
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(a) (b)

A B C

A1

J4

Figure 9.8 (a) Finding a path from A to C can lead Prolog into an infinite loop. (b) A graph
in which each node is connected to two random successors in the next layer. Finding a path
from A1 to J4 requires 877 inferences.

path(a,c)

fail

{ }/Y b

{ }

link(a,c) path(a,Y)

link(a,Y)

link(b,c)

path(a,c)

path(a,Y) link(Y,c)

path(a,Y’) link(Y’,Y)

(a) (b)

Figure 9.9 (a) Proof that a path exists from A to C. (b) Infinite proof tree generated when
the clauses are in the “wrong” order.

path(X,Z) :- link(X,Z).

path(X,Z) :- path(X,Y), link(Y,Z).

A simple three-node graph, described by the facts link(a,b) and link(b,c), is shown in
Figure 9.8(a). With this program, the query path(a,c) generates the proof tree shown in
Figure 9.9(a). On the other hand, if we put the two clauses in the order

path(X,Z) :- path(X,Y), link(Y,Z).

path(X,Z) :- link(X,Z).

then Prolog follows the infinite path shown in Figure 9.9(b). Prolog is therefore incomplete as
a theorem prover for definite clauses—even for Datalog programs, as this example shows—
because, for some knowledge bases, it fails to prove sentences that are entailed. Notice
that forward chaining does not suffer from this problem: once path(a,b), path(b,c), and
path(a,c) are inferred, forward chaining halts.

Depth-first backward chaining also has problems with redundant computations. For ex-
ample, when finding a path from A1 to J4 in Figure 9.8(b), Prolog performs 877 inferences,
most of which involve finding all possible paths to nodes from which the goal is unreachable.
This is similar to the repeated-state problem discussed in Chapter 3. The total amount of
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binary resolution rule by itself does not yield a complete inference procedure. The full reso-
lution rule resolves subsets of literals in each clause that are unifiable. An alternative approach
is to extend factoring—the removal of redundant literals—to the first-order case. Proposi-
tional factoring reduces two literals to one if they are identical; first-order factoring reduces
two literals to one if they are unifiable. The unifier must be applied to the entire clause. The
combination of binary resolution and factoring is complete.

9.5.3 Example proofs

Resolution proves that KB |= ↵ by proving that KB^¬↵ unsatisfiable—that is, by deriving
the empty clause. The algorithmic approach is identical to the propositional case, described
in Figure 7.13, so we need not repeat it here. Instead, we give two example proofs. The first
is the crime example from Section 9.3. The sentences in CNF are

¬American(x)_¬Weapon(y)_¬Sells(x,y,z)_¬Hostile(z)_Criminal(x)
¬Missile(x)_¬Owns(Nono,x)_Sells(West,x,Nono)
¬Enemy(x,America)_Hostile(x)
¬Missile(x)_Weapon(x)
Owns(Nono,M1) Missile(M1)
American(West) Enemy(Nono,America) .

We also include the negated goal ¬Criminal(West). The resolution proof is shown in Fig-
ure 9.10. Notice the structure: single “spine” beginning with the goal clause, resolving against
clauses from the knowledge base until the empty clause is generated. This is characteristic
of resolution on Horn clause knowledge bases. In fact, the clauses along the main spine
correspond exactly to the consecutive values of the goals variable in the backward-chaining
algorithm of Figure 9.6. This is because we always choose to resolve with a clause whose
positive literal unifies with the leftmost literal of the “current” clause on the spine; this is

¬American(x) ¬Weapon(y) ¬Sells(x,y,z) ¬Hostile(z) Criminal(x) ¬Criminal(West)

¬Enemy(Nono, America)Enemy(Nono,America)

¬Missile(x) Weapon(x) ¬Weapon(y) ¬Sells(West,y,z) ¬Hostile(z)

Missile(M1) ¬Missile(y) ¬Sells(West,y,z) ¬Hostile(z)

¬Missile(x) ¬Owns(Nono,x) Sells(West,x,Nono) ¬Sells(West,M1,z) ¬Hostile(z)

¬American(West) ¬Weapon(y) ¬Sells(West,y,z) ¬Hostile(z)American(West)

¬Missile(M1) ¬Owns(Nono,M1) ¬Hostile(Nono)Missile(M1)

¬Owns(Nono,M1) ¬Hostile(Nono)Owns(Nono,M1)

¬Enemy(x,America) Hostile(x) ¬Hostile(Nono)

^^^ ^

^ ^ ^

^ ^ ^

^ ^

^ ^ ^

^ ^

^

^

Figure 9.10 A resolution proof that West is a criminal. At each resolution step, the literals
that unify are in bold and the clause with the positive literal is shaded blue.
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¬Loves(y, Jack) Loves(G(Jack), Jack)

¬Kills(Curiosity, Tuna)Kills(Jack, Tuna) Kills(Curiosity, Tuna)¬Cat(x) Animal(x)Cat(Tuna)

¬Animal(F(Jack)) Loves(G(Jack), Jack) Animal(F(x)) Loves(G(x), x)¬Loves(y, x) ¬Kills(x, Tuna)

Kills(Jack, Tuna)¬Loves(y, x) ¬Animal(z) ¬Kills(x, z)Animal(Tuna) ¬Loves(x,F(x)) Loves(G(x), x) ¬Animal(x) Loves(Jack, x)

^^

^ ^ ^ ^

^^^

Figure 9.11 A resolution proof that Curiosity killed the cat. Notice the use of factoring in
the derivation of the clause Loves(G(Jack),Jack). Notice also in the upper right, the unifi-
cation of Loves(x,F(x)) and Loves(Jack,x) can only succeed after the variables have been
standardized apart.

9.5.4 Completeness of resolution

This section gives a completeness proof of resolution. It can be safely skipped by those who
are willing to take it on faith.

We show that resolution is refutation-complete, which means that if a set of sentences Refutation
completeness

is unsatisfiable, then resolution will always be able to derive a contradiction. Resolution
cannot be used to generate all logical consequences of a set of sentences, but it can be used
to establish that a given sentence is entailed by the set of sentences. Hence, it can be used to
find all answers to a given question, Q(x), by proving that KB^¬Q(x) is unsatisfiable.

We take it as given that any sentence in first-order logic (without equality) can be rewrit-
ten as a set of clauses in CNF. This can be proved by induction on the form of the sentence,
using atomic sentences as the base case (Davis and Putnam, 1960). Our goal therefore is to
prove the following: if S is an unsatisfiable set of clauses, then the application of a finite J
number of resolution steps to S will yield a contradiction.

Our proof sketch follows Robinson’s original proof with some simplifications from Gene-
sereth and Nilsson (1987). The basic structure of the proof (Figure 9.12) is as follows:

1. First, we observe that if S is unsatisfiable, then there exists a particular set of ground
instances of the clauses of S such that this set is also unsatisfiable (Herbrand’s theorem).

2. We then appeal to the ground resolution theorem given in Chapter 7, which states that
propositional resolution is complete for ground sentences.

3. We then use a lifting lemma to show that, for any propositional resolution proof using
the set of ground sentences, there is a corresponding first-order resolution proof using
the first-order sentences from which the ground sentences were obtained.

To carry out the first step, we need three new concepts:

• Herbrand universe: If S is a set of clauses, then HS, the Herbrand universe of S, is the Herbrand universe

set of all ground terms constructible from the following:

a. The function symbols in S, if any.
b. The constant symbols in S, if any; if none, then a default constant symbol, S .
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Any set of sentences S is representable in clausal form

Assume S is unsatisfiable, and in clausal form

Some set S′ of ground instances is unsatisfiable

Resolution can find a contradiction in S′

There is a resolution proof for the contradiction in S′

Lifting lemma

Ground resolution
theorem

Herbrand’s theorem

Figure 9.12 Structure of a completeness proof for resolution.

For example, if S contains just the clause ¬P(x,F(x,A))_¬Q(x,A)_R(x,B), then HS

is the following infinite set of ground terms:

{A,B,F(A,A),F(A,B),F(B,A),F(B,B),F(A,F(A,A)), . . .} .

• Saturation: If S is a set of clauses and P is a set of ground terms, then P(S), theSaturation

saturation of S with respect to P, is the set of all ground clauses obtained by applying
all possible consistent substitutions of ground terms in P for variables in S.

• Herbrand base: The saturation of a set S of clauses with respect to its Herbrand uni-Herbrand base

verse is called the Herbrand base of S, written as HS(S). For example, if S contains
solely the clause given above, then HS(S) is the infinite set of clauses

{¬P(A,F(A,A))_¬Q(A,A)_R(A,B),
¬P(B,F(B,A))_¬Q(B,A)_R(B,B),
¬P(F(A,A),F(F(A,A),A))_¬Q(F(A,A),A)_R(F(A,A),B),
¬P(F(A,B),F(F(A,B),A))_¬Q(F(A,B),A)_R(F(A,B),B), . . . }

These definitions allow us to state a form of Herbrand’s theorem (Herbrand, 1930):Herbrand’s theorem

If a set S of clauses is unsatisfiable, then there exists a finite subset of HS(S) that
is also unsatisfiable.

Let S0 be this finite subset of ground sentences. Now, we can appeal to the ground resolution
theorem (page 246) to show that the resolution closure RC(S0) contains the empty clause.
That is, running propositional resolution to completion on S0 will derive a contradiction.

Now that we have established that there is always a resolution proof involving some finite
subset of the Herbrand base of S, the next step is to show that there is a resolution proof using
the clauses of S itself, which are not necessarily ground clauses. We start by considering a
single application of the resolution rule. Robinson stated this lemma:

Let C1 and C2 be two clauses with no shared variables, and let C01 and C02 be ground
instances of C1 and C2. If C0 is a resolvent of C01 and C02, then there exists a clause
C such that (1) C is a resolvent of C1 and C2 and (2) C0 is a ground instance of C.
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